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» In order to describe the spatial variations of the
quantities, we require  appropriate  co-ordinate
system. A point or vector can be represented in a
curvilinear coordinate system that<may be orthogonal
or non-orthogonal.

> An orthogonal system is-ehe in which the co-ordinates
are mutually perpendicgtar.

» Non-orthogonal‘co-ordinate systems are also possible,
but their usage is very limited in practice.



Let

U = constant

v = constant

W = constant

represent surfaces in-a coordinate system, the surfaces
may be curved surfaces in general.



Let
a, a, a,
be the unit vectors in the three coordinate directions

(base vectors).

In a general right handed orthogonal curvilinear systemes,
the vectors satisfy the following relations :

These equations are not independent and specification
of one will automatically imply the other two.

a, X a, = a,,
a, X a,, = ay
a, X a, =a,



The following relations hold

a,-a,=a,-a,=a,-a,=1
a,-a,=a,-a, =a, a,=0

A vector can be represented as sum of
its orthogonal components

—
T 2

A=A,a,+A,a,+A4,a,



Differential Length

» In general u, v and w may not represent length. We
multiply u, v and w by conversion-factors h,,h, and h,
respectively to convert differential changes du, dv
and dw to corresponding changes in length dl, di,
and dl,. Therefore

—

l — dllau + dlzav + dlg&w

—

[l = hydua, + h,dva, + hydwa,,



Differential Area
> Differential area normalto @,
ds, = (h,dva, X h,dway)
ds, = hyhsdvdwa,,

N

» Differential area normalto Qa,

ds, = (hadw@, X h,dud,)

ds, = hih,dudwa,

» Differential area normal to dw
ds,, = (hidud, X h,dva,,)

ds, = hyh,dudva,



Differential Volume

dv = (hydu)(h,dv)(hgdw)

dv = h{h, hydudvdw



Most commonly used Orthogonal Co-Ordinate Systems

1. Cartesian (or rectangular) co-ordinate system

2. Cylindrical co-ordinate system

3. Spherical coordinate system



CARTESIAN

(OR RECTANGULAR)

CO-ORDINATE SYSTEM



In Cartesian Co - Ordinate system, we have,

(U,v,w) = (X,Y,2).
A point P(x,, y,, z,) in Cartesian-co-ordinate system
is represented as intersection.of three planes

Y = Yo —00 <y < 0

Z:ZU —o00 <L Z <



Cartesian Coordinate System






A point in cartesian coordinate system
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a,,d, a4, are uniform unit vectors, that is, the

direction of each unit vector is same everywhere in
space.



The unit vectors satisfies the following relations:
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+ In Cartesian co-ordinate system, a vector
can be written as

+ The dot and cross product of two vectors
can be written as follows:

A-B=4A.B,+A,B,+A,B,

a, a, a,
AxB = |Ax A, A
B, B, B,




Differential Length

Z

A P(x,y,z)
d
/ Y dz
. dx AN
|
7
l ¥ y

_____ dl = dxa, + dya, + dza,
hl hz — h3 — 1



Differential Area .

, ds, = (dya, X dza,)

N N
dsy = dydza,
ax /1 4 " Ey = (dzd, X dxa,.)
—> ds, = dzdxa
a, T y y
X
4
A<,

U ds, = (dxa, X dya,)
dx ds, = dxdya,



Differential Volume

dv = dxdydz



CYLINDRICAL

CO-ORDINATE SYSTEM



d For cylindrical coordinate system we have

(u,v,w) = (p,0,z)a point P(Po,Do,Z)is
determined as the point of intersection of

1) acylindrical surface 2= Po

2) half plane containing the z-axis and making an
angle withthexzplane ¢ = ¢,

3) aplane parallel to xy plane located at z=z, as
shown in figure



—0 < Z< 0





http://upload.wikimedia.org/wikipedia/commons/5/5e/Cylindrical_coordinate_surfaces.gif
http://upload.wikimedia.org/wikipedia/commons/5/5e/Cylindrical_coordinate_surfaces.gif
http://upload.wikimedia.org/wikipedia/commons/5/5e/Cylindrical_coordinate_surfaces.gif

A point in cylindrical coordinate system

P(p[]! GDJ ZO)

Z

v

Po



Only a, is uniform.

a, and dgp are
nonuniform.




Relationship between (x,y,z) and (p,9,z)

.-~ x=pcos{




X = pcos@ pz\/xz—kyz

y=psin® g =tan” " —

A vector can be written-as

A=A,4,+As0,+ A0,



Differential Length

—

dl = dpds; + pded, + dza,
hl — 1,h2 :p,hg =1




Differential Areas
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(pdea, x dza,)
pdedza,



/\Z

ds, = (dza, x dpa,)
ds, = dpdza,

—




—
ds,
S

—

(dpa, x pdpa,)

ds, = pdpdpa,



Differential Volume

dv = (dp)(pd®)(dz)




Transformation between Cartesian and
Cylindrical coordinates:
Let us consider

A=A,4,+Asl,+ A0,

is to be expressed in Cartesian co-ordinates as

—

A=A, +A,@a, + 4,4,
In doing so we note that

Ay = A+, = (A, + Ayd, + A,8,) - @
A, =A-a,= (4,8, + A8, +A,8,) - 4,
A, =A-a,=(A,a,+ A0, +A,08,)-a



a,-a, =CcosSg

=)
=
ll

y = €0s(90 — @) = sing

T
Ay Ay 2605(94—5) = —sing

=
S

o)

Il

COS ¥




Therefore we can write

A, }f-&szPCOSQ)—AﬁSin(Z)

ﬁ-&yzApsin(ZH—Aﬁ(:OS@

N
1

y

Af=A-a,=A,



These relations can be put conveniently
in the matrix form as

A, ] cos@® —sin® O -Ap-
Ay =|sin® eos@® O||A,
A, .0 0 1114,
-Ap- " cos® sin® O] A, ]

sP=1|-sin® cosp 0|4y
. Lo o 1|4,

RS



SPHERICAL

CO-ORDINATE SYSTEM



For spherical polar coordinate system we have
(u,v,w) = (1,6,0)

A point P(79,60,9,)
is represented as the intersection of
(i) Spherical surface =7,

(ii) Conical surface v~ 8 = 6,
(11i) half plane containing z-axis making angle

with the xz plane ¢ = @,
as shown in the figure
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Ephericﬁ Polar Coordinate System

0<r<o 0<0<m 0<Pp <2






A point in spherical coordinate system

N




X

All the three unit vectors are nonuniform



The unit vectors satisfy the following relationships

a, X dg

1
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1S
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Relationships between space variables
(X)yJZ)) (p)¢)z) and (r‘Je)¢)

P(x,yyz) = P(p,®,z) = P(r,0,0)

Z
Y

>—>

”
”
 d

.- x=pcos®




X = pcos@ r=x%+y?+ 22

y =psing taan_“/ 4

Z =71cosf

A vector in spherical polar co-ordinates is written as



Differential Length

N

Zz  dl=dra, +rdfady + rsin 6 dpd,
hi=1,h, =x,;hy =7rsinb

dr
r CcoS 6
Ts rdé
‘d6




Differential Areas

AZ Is; = (rdBag X rsin 6 dgd,)
~se o ds, = r2sin6 dodea,
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(rsin 8 dga, X dra,)
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Differential Volume

N dv = (dr)(rdf)(r sin 6 dg)
dr dv = r%sin 0 drdfde

rsing |

rdf—

v




Transformation between Cartesian and

Spherical coordinates:
Given a vector

in the spherical polar coordinate system, its

components in the Cartesian coordinate system
can be found out asfollows:

A, =A-a, =(A4,a, + Aglg + A,4,) - 4,



Coordinate transformation between
rectangular and spherical

A
Z

-d. =sinf@ cos g

a,
a,
a -

-4, = sinfsing




A, = ff-fix = A, sinf cos® + AgcosfcosP — Az sin®
A,=A-a,=A4,sin0sin® + Ay cos 0 sin® + A, cos @

A, =A-4,=A, cosd — Agsinb

Ax|l [sinOcos® cosBcos® —sin@[Ar
Ayl =|sinBsin® ‘cosfsin® cos||Ae
A, cos 8 —sin @ 0 Ay

N

r
Ag cosfcos® cosfsin® —sinb
Ag —sin @ cos @ 0

A ] lsin Ocos® sinBsin®  cos 9] Ay ]

RS
.N
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1.3 Representation of a Vector

In two dimensions, a vecfor can be

A represented by a straight line with an arrow in a

. / ﬁ;’:]""a“"g plane. This is shown in the Fig. 1.1. The length of

s the segment is the magnitude of a vector while

o the arrow indicates the direction of the vector in a
[Starting given co-prdinate system. The vector shown in the

ot Fig. 1.15is symbolically denoted as OA. The point

) . O _is its starting point while A is its ferminating
Fig. 1.1 Representation of a vector 5y 15 length is called its magnitude, which is
R for the vector OA shown. It is represented as

| ﬂA|=R. It is the distance between the starting point and terminating point of a vector.

Key Point: The vector hereafter will be indicated by bold lIctter with a bar over it.



1.4 Vector Algebra
1. Scaling 2. Addition 3. Subtraction

1.4.1 Scaling of Vector

>l
»|

A
o L -
& —_ o PX ~l} — &
a A o A - A
F
{(a) > 1 by <1 (c) e=-1

Fig. 133 Muitiplication by a scalar

Key Point: Thus if o is negative. the magnitude of vector changes by o times while the
direction becomes exactly opposite to the original veclor, after multiplication.



1.4.2 Addition of Vectors

|

Fig. 1.4 Coplanar vectors

Fig. 1.5 Addition of vectors

0

Fig. 1.6 Parallelogram rule for addition

A
e

A
™~

(a) Four vectors

Resultant

Al ol ol i —— —  ——

-

8 B

0 A

(b) Sum of the four vectors
Fig. 1.7

R=A+B+C+D



1.4.3 Subtraction of Vectors

The subtraction of vectors can be obtained from the rules of addition. If B is to be
subtracted from A then based on addition it can be represented as,

C = A+(-B)

Thus reverse the sign of B ie. reverse its direction by multiplying it with —1 and then
add it to A to obtain the subtraction. This is shown in the Fig. 1.8 (a) and (b).

B
ol
l
B
|
wi

-B o B
(a) Vectors (b} Subtraction of vectors

Fig. 1.8



1.3.1 Unit Vector

Unit vector
aV
/

IR

c:/

Fig. 1.2 Unit vector

vector along its direction.

A unit vector has a function to indicate the direction.
Its magnitude is always wunity, irrespective of the
direction which it indicates and the co-ordinate system
under consideration. Thus for any vector, to indicate its
divection a unit vector can be used. Consider a unit
vector ag, in the direction of OA as shown in the
Fig. 1.2. This vector indicates the direction of OA but its
magnitude is unity.

So vector OA can be represented completely as its
magnitude R and the direction as indicated by unil

- ‘ DA =

mll dpoa=Ragpa

where 3,5, = Unit vector along the direction OA and [ag.|=1

Unit vector ag, = OA

OA]




1.6.2 Base Vectors

The base vectors are the unit vectors which are strictly oriented along the directions of

=ifie=v]

i [ |

QO -y

4

Ay

X

Fig. 1.12 Unit vectors in cartesian
system

the co-ordinate axes of the given co-ordinate
system.

Thus for cartesian co-ordinate system, the three
base vectors are the unit vectors oriented in x, y
and z axis of the system. S0 @, ,a, and &, are the
base vectors of cartesian co-ordinate system. These
are shown in the Fig. 1.12.

So any point on x-axis having co-ordinates
{x,.0,0) can be represented by a vector joining
origin to this point and denoted as x, a, .

The base vectors are very important in
representing a vector in terms of its components,
along the three co-ordinate axes.



1.6.3 Position and Distance Vectors

-

Position Vector | for = X3, +y,5, 42,3,

[For| = J(?‘l ]z +(y1 }2 +(z, )2

Pl )

Thus if point P has co-ordinates (1, 2, 3) then its position vector is,

and |Top | = y(1)? +(2)? +(3)* =14 = 37416



i

Distance vector

= Xja,+y,a +z,a,

= X9 ix +FI ir +Iz E:

=)

F{:pypzi] | —

PQ = Q-P=[x3-x]3, +[y, ‘}'I]Ey +[z,-2,] &,
Qlx5.¥2.25)
O -y S - .

—
E

o t} = \k“z __3‘_1_]1 ":(}'z -y1)’ +(z2 -2, F
vector PG _

X

apg = Unit vector along PQ =

3|3




Step 1 :

Step 2 :

Step 3:
Step 4 :

Step 5:

Let us summarize procedure to obtain distance vector and unit vector.

Identify the direction of distance vector i.e. starting point (x,,y,,2,) and
tErIﬂiIlﬂtlﬂg pnmt (II, Y, 31).

Subtract the respective co-ordinates of starting point from terminating
point. These are three components of distance vector ie. (x,-x,)3d,,

(y2-v1) 3, and (2, -2,) a,
Adding the three components distance vector can be obtained.
Calculate the magnitude of the distance vector using equation (4).

Unit vector along the distance vector can be obtained by using equation (5).




Obtain the unit vector in the direction from the origin towards the point P(3,-3,-2).

Solution : The origin O (0, 0, 0) while P (3, — 3, — 2) hence the distance vector OP is,

OF = (3-0)a, +(-3-0)a, +(-2-0)a, =33, -3a, -24a,

|OP| = (3)? +(-3)" +(-2) %= 4.6904

Hence the unit vector along the direction OP is,
_ Oop. 3a,-3a,-2a,
| OP] 4.6904

aop

= 0.6396 3, - 0.6396 3, - 0.4264 @,



Two points A(2,2,1) and B(3,-4,2) are given in the cartesian system.
Obtain the vector from A to B and a unit vector directed from A to B.

Solution : The starting point is A and terminating point is B.

Now A = 2a,+2a,+3, and B=3a, -4a, +2a,
AB = B-A =(3-2)a, +(~4-2}4, +{2-1)3,
AB = 3,-63,+4,

This 1s the vector directed from A to B.
Now |AB|= (1)’ +(-6)* +(1)* = 6.1644

Thus unit vector directed from A to B is,
_ a,-6a, +a,

I 6.1644

E
= =]

s T

>
=

0.1622 3, - 09733 3, + 0.1622 7,



UNIT - I

ELECTROSTATICS




fiA ~ ’._-) £ AL . -
= ' Wt~ L | 0

(akgseim A pod charge wiewh Hut elicile chefyy il
nosdad s ou O Sufalel & space whle geowethl ] Hswedind
| . | - Hag At onl, W wiuch
Ve ey gunad ) W?M to OMest J
_ofpet of I8 Jadrfuc el v fo be Stuolied: |
Tl O oK clohgt Lo o lotekion buk Mot Hi_ o&“mtw.cw.

<, Au election P(f(/‘w{’,l g Oy

s, b, 4 =P -
e depdeucy of oM olyckhou  phoducr Y g olile extel
o elockgou  pheduch ~V ehiodige
- Tt U wesuuwda s Cm«iww'(t:)”. <
TEMENT BF LR LoMR'S (AL O

T Cowlowbt lono ader Mook
\SUKE)\I @1%\.@\‘7/} ) - %D !

ol Glr@m%_ Mo \Ltul -_&Uf‘““"ﬂ i:%%-\h‘w Pm:“* W

e eqatal 8 P Tl
:/\ Loy f % .O%Moucgfuuﬁeuj |
) U ?\A\J{wd}r .?ﬁbfﬁlﬂ"fb |

T o, 0 Y
8, o cw\ohﬁ?ﬁ%s poiuk (ol 9: B Byt

ZLC,Q. o\ ‘@?, ﬁ®\r2/ \LDL Q ‘
NPRETRRLTCER Gl g ove 427 v e
BV%TL@. 5&(‘,@ MW‘P—GL HLOWM ﬂ,ﬂ,‘)uj}\\\}\& é/m %
., Bl SO po\oﬁd+‘1
F o S
e o B I .
; RL—- | | | .x
o Cowhank ¥ %OPUWWQHW ~ effeet y wieliny
o t wliieh clodgy

< nln \nr'r#-'gcj.. .



)

=

g =529

S, = (gmmrHvN:\f of &m_ QW. |
S o Delschve prsdivity g Ko wacliun wit ffoe 3p

¢ = Absolult pew ViE?.
fa Mo IjQ,,Qp,(%Pa,CQ_ A Vauuw = Ly =)

1

=80

2 Q. 8z %C?%

Feom, R N
QO

A2 O
5. = B&94 A1 P,@

Tean 1
" e Y
| ,@J

VECIOR EORM OAE@ LomBE LAWY - |
T ' ' 0 AN
The  féiteq Bxeked bluy M o poiuk %Lﬁ |
pred ditucka i b o Wl T bdig ¢

? Mante. M Cf&@@ oxoked bl e two Clefigu @M be ex{ﬁw/l_‘
‘ Veckst : o
otk of M7

&t &Q‘L’ 1’0 : %\—&J 9] o |

\mw\\»x,g ?dﬁ?HE‘M. \ v
?’T oy Yuoout WM 5%




i ":"(,{Q,\A e %{gﬁ@@_i %@%QA EL{ b, iL@ ach ale Ho MHV,
an o uwb Ve ckd a\ev&% Riz» 3 |

?_1?,-:[!3%
P A,
Z  4V& We
O = vuut veckst @lw% Rk
_ TQT‘Z— F_L“q‘l _ 9—,;*-531_;
Tl | Rel |7,
o€ -
n F uw He HLCQ exosked ou Q‘Mb@
_ N
= ﬁ,\,g?:; Qg o
SN Ry / QC)
S
_ QIQ‘L— _ 9] - %
4 ey R?z; @é‘ﬁz!f
v “Q.I_JH‘F‘:Z/ :V\ﬁz—é—l‘]
azj%g\“ail
) _ <é</ -
R LTy = —F
4T, R 2
Hen & }5&@/ @W@p& }7\( Lo +wo W o each oMt U
ol but @pPé%dZ QLA thiedt .
) Uke  Chebig) ool eoch otud,
ol ed® algoct @k ot . o
) TE U WCORy Lok oo fhotiod o W poiuk chody

Wbe«wﬁ\f w |
) oo pos Chodgh Wy be F&?Hwﬂ \uaa’c{ve‘ Lo Muin

ISCATeS wut ke C@W\Mcj



) cowlowmbr Jawy o U ook & . :
| u u;;;:;ui N ¥:1 Pasecd: splich Bt Mk [y Oy e Duie
w Rwdl oM e e exe9bed clid ru,cﬂzga,w !17 _
w hwa s =
) F;,—~F Mov  wi, =-WF V{‘“SCAL?‘tR |
RINCIPLE OF SUPERTOSITION!~ ~
g Wte o wife Rewt we PmuJL uww,/a Mvuﬂrwbw”!
exek e on W St , Weu Mg Wb e MQM&’W@M
be oblaiwed ‘w Hue pguw;qvﬂi DS— Qu{)ﬁ[)o‘%ll‘mw
| Cowrjdy o Pcw& (LQ@M&Q, q SMWMJMJ by Mo OHed
v :

poit Unodgut @, 4, owd b O Buoau
Tue folal

1 ',_’féfle\“. L n

[ ) ™~
'cj-b -
- L B~ | |
. N\ O LY
ol T N s
Cotn S 6&53 Q?Cg%t
gt oF BB

kel o gu\?ﬁp«@ﬁ&’\ “
e

g P
o o |
L oo M perul e

o ;L@

- aClteld Ui fo
b be §LLP{"LWQ‘J‘

<£z i Ty = A
; """’ & = B T a
T A N
N - b, T~
/) FQ 2} = a\—m C\w h‘) QZ@) = —
e 46 Ry l?. ~ 8
- < Q%Q = . \Ze jas ﬁ‘r‘g}
= P =2 Ygp, =) Ogp T "
BB gL Ry SR
-(Yia.‘” F@&ﬁ_F@‘vﬁ*P@‘ | :
lace oxetel

QM%QW ’ITWM WGWWW

T = s Freat ThA




‘;”FP;; ;{; coiNE PROBRLEMS ol CW L?‘ll(.u” ' @
féPff_L- @H&M e Po%t\'tol/{ \HL \—ﬁ)\- Pmuf,! Whege Mg d@g‘%
=% 7 QL,C\JQ ,D\.D(.U\”e—cl - }\\L& QD?M'HA_% k}l
£0-20 oblain M UWF veckfl oloug Mo %@w‘iw i K
m GU%L,C"ICM Y lowedolt  Ha chedge e
UAD&L%@ U b @lc,uthA cnoped 1* FU&;:;C
gy \wdpv\ LGJ'J  Fo 3

-eP}, %W° WWM coul elesokion
ooh FLD& ou H«.Q Chod & )

ax u% g s, e vecks samdf

h &

Hee. pCRS QQLCLM&D\ W‘Wnu, Cﬁ%

il R(SI %
e (e & %S rﬁéﬁ%
6%1\‘)5\/\ \JQL[’(-K" > p@z\éay T L 2
P R G0 T Toy T
<<</</
= _%9;’12? 12

Ez’ IR R

J

|
_\5
]

23 BEE R, | IRy



T o 0STT5R Ay + 0:282hy — 054 &

=6 ;‘é ' .
— 20Xl x 5o xie Lo“g

F” _H Q-iT ?i%%gw!gm b A [m,}*ﬂq)

 osunfy)
e, b?ﬁ?/ltw O X
p wb‘b\{qj(D—'\jb%q ’\‘

: | i o N
-'II*"—-(B"E‘SUL C'(; ~ @124l ay + bablb“&ﬂ-—ql

“\“\Fz\ - y (0~D"SM£|\L+ (v-ol2-61) +_(-.-0.e-25u}

= Uy EBu\Ml\l | | ) -
7 5 i ot He
g Fe\@l pcnuk cL@ﬂLoéx;A ol of Y SYaut Pl@‘wﬁ%’gm@ ;

pawdh L0 0), (1,000), Lo o) 6 (
{&CQ. oW O\PO’\LL{' UJ\C\Q-‘_QGE_ OP 'QUHC%% er CU{‘C\

4
e

oo psdtiou Vectfy @(), & W ol wlitch

O&IL\CDJ—QA\ i
P = c\.i

]
o)
S

\

1

Ve
\
o

g

h
Qo
‘\G..

;

l

L

|
i:.. L .



Qﬁ (e o 8§ Adue o . aloUl

A a{a
QQ‘} e = 1
ﬁ?:l IR g 9 9T 7o
bee Rib ] P‘lﬁ\\

ﬁ—;a :?FE = E\_IHC\)(

R = \l P = vz

30x156>v107c10€ Qa“a]

R = I e Wt
| q?r@%gukmﬁm;c (V) >
SSS TR -0 <
. peasna[a ) 7 EW &
) Rep © -5 - Tyoxd %ga OV
Tom = P~C = Oz 0y &) ocg@-_éf#
2Q) \/2:
Sani
— — ag A Gy
— _ e = C\ 'qu_ -':‘> q R D
s BB WAm ) Ags

O —

£ Thyloxl0 T o 3UK|
ahy . Q880 o M
o & e oyl eekfuxio W

11 e Ry
- ST R v Dqt;gz[asﬂ,\\ «5@.
J F?, - “TL{\(/% \/;'-/ rh');r)@
2 5a53s (X
o - DQ‘FZK(ES*E@)‘%@
i’_i;/ -

« BAORR B S ai,\

—

o= 3%\363 Neghow -



‘ P £CTRIC FLELD TNTENSITY —
T el R MR
@w\clﬁ o fcw\i Cﬂd%%(. a, & srom Sﬂ

_g,_ auy G)H,uﬁ\ gwi s CLQS\%L 0, U },&ULLW
WL, G, esPienst o Jle. Tf g, Uuoled
MﬂmcL &, , ABUL &, e o Lo ax ot

.

(ﬂ/\Ukﬂ {“M‘Q' %\&Tg o Qj_axe\,{ dSLGLLLLO[ QM«%’L ‘y‘

RO ﬁj&&g clos. N,

T, Jesiou el o o .

fice ov\ow@a& chodge Lotated MWW%WM i Calla eleofs
%

; Wk e Y udtuhy f

k”ﬂgl\ & @Pﬂﬁeugeci by e Clodst R, M\Zé'%’x - %AWBTW 'Md

e e O
—_ @1@2-‘ aﬂ C/
P =~ = Vb (s
© e = ufHed o
_ A A 4,
o e i AT O &
Rl
a4 L tolled e lachtac field

s e @Mdéjumw t#& 5 oo veckdl Tuaukty
fuceniey a M%W | » _
) =4 %ﬁ‘_ﬂﬁ a, S P= thou Uz, auy O chobhge—

@‘ 6T So RL ? E;mmot Q.
Aot e A;%lmhw o*& AFL e [ﬁ?tce Qppﬁb@@eg{ }oL{ qutu’r/)aﬁrhv‘&

@t oy Ve B, = 1 e

@b;tc

" ” shusicsl @mwﬁgwﬂq

)
T ! - Umt-\fef,{'z?l QR &Mdt%wfek
= o B o
e%ﬁag MMM%M,«PMR
o e Ql oy
E N

ra(ﬁzoﬁ



UNiS of E: o= AR A gy
- - UL:E'C‘ADQSFL -

MLTHOD pf ORTAINING Z A CARTESAN S18Tém'i—
— e P i

Cowide o clotge @ Lotaked ok poiuk ALY f,,2) o S
q. Tk b fowihd fo obhiv E ok awy pouk Bx ¥, 2) M o
LR Stdﬂl‘m/b T € at Pm“udr R Cou be obfaiuwol wiu% Mlﬂw‘mg epl. -
Z-

s7ef-li—
obfau H;ul ﬁ%?\{o\z{ VedU tgf Pm‘uﬁﬁ At R
whide. |

-

) )

?l,Aﬁ
?\g'*‘:
A= XLE\; +VLE{:" TN

T = xoxt Yoy T2 CJ@ |

' = ho .
S7ep-2- Fivd Me dictance Veddl R d e;% prout A
B RN (a0 Adaale

-

’ s .}_0»
Srep3i- Pk e wdb veek g @lewd o difochou from A8
& = .-E Yo @ A .
R R Al
STEP-4i obtuint |t *%_w e pout B L
N R TN
Ecg%moa 4TER 1Rl |
Siel -5 Muam{—mpb_ ol-¢ b giveu by,
r*’ :L‘L \/)M"
BLTam

Qubﬂ\;hd‘iwa R oaud 1R wleww of e Gatedem (ofelivoy-e)
o & & B, M WWM ERT € af M Poflvd- R, (M bQOL'iu}"@~



| CERIC FIED DUE T DISIRETE CHARAELS!— @
'TC& olickfae Reld ok L peuk duwe to n Lueubd of- chasgel ¢ ko 42
fofued wig Josw b supeypsibiod, e
, ; ¢ ; 5 § C@M‘DL
|- Couidd W dotgel @, Q2 -l o Howu M 9. *TL::P ﬁm:d
: . TR &
be obllud @k piuk P Tuo dwkemed o P ek

21w b

51 {_E}?r.*h(ﬁ}w oML Rl tRL;““"‘ er\ fold. The o b veck alé)lﬁ% Mt
praliil = o ).

M QRUO\P\,LJ:_._._.. ARy

&
)
-,--i%ll"_'_"a \ "l" *ﬂ%—gaﬂb .J(— N +
T 4TGR 4T84Ry.
&t
= ) é “-*T”@}z |
T b R g
Tp-dy W péiHou Veekdl ¢ P v
aRL a i§$’ 2 PG@,;\_\DU\ Veckh o Pm“u:f cdlelo Cbaﬁ\g;;&ic%{
Jj"- ¢ L
L Jei— 2% o . MCWQI
g, b diecily pepiel -
o
) i 1 1 uveld QLT ) C:mib:th
y e ! | o |
| & ouck .Pcﬁv& of Wt B 4 ho Je "
Chaqe 8, cetod o o Chodse PP‘”&‘J o e danne 90
3

f")?;atwmmkar—’ e

o phivg uult detge B O wolinid, of datechy _

| e b W o chodge  wlbbeud gy vt Feit Wm;
MQMC Nlcx g o 18 Qlettic }lw»l almmdﬂ Uﬂ}/ﬂuq(
Mc}\ uaod ¥, mﬁcﬁmﬁ be awsl uxm,»..aig 4o Lok Hue B ETi

) ue tat
o ey el ok GUE itabed

al



INPES oF C(HARGE PISTRIBUTIONSI—

W ?cs\vdr eeLya :
N2 ai’tmcmag(t
) gufn,kasu; Chodge.

0 Jolumt Cheddy

| polNT URARGE =
L e dimewlous o o Suhfare (oSN Ol oha Vet Wy

pwol)  Cowipted o faytont Aushounoliug e Moy Mo ddjace O be_
Haooked to be oo porud. TT0 (Bapandiig Ow%u@&c‘ potutChaie -
)L ‘ \<»</
LE CHARGE | i _
TE U pehible Hak e Cledge _W_%@Mmu&u Qﬂf’“éf &}l%
slac be fuitt & fwpuwk . cuts o e iy A buted
@mei o ltue @ lld o Rue c,umag'%é&
8 e ity e g s
% _ t/:/ 4—+ A
oseg i duoted b ] b a ()
%'WWW%M'?‘ . g - 4
b gl ) b

0 :@%_W y
T O bl
P Coult ol alouy o Aougl o b hue B8y Mo Chodgy
TR WoMY G:MJ /JL, U %R\JQ})\ o be Wﬂhud—[‘w eg?tfmgtoli‘un&d _
e bue ve, f = 2k A pb;qcy‘f’e}c., Gu aueh o Gl TE b ueleddy

bo fud e ol dustye 8 by Cowlidutivg diffeseubel Db dl g-He
D[Q oY (uj. é‘ﬁ M- eukfe ﬁma(%j

g+ Tuam E?’ m%?m b chade |
' = keived , &uely du__;-,fu}ﬂ;fwl u leQol\)ffug‘uplﬂgﬂo}

okl Closi @ B fo be & turespal Jop
o= dl "o T T of Lupth L éochdfe
S \"39_*;", AL ﬁ- _ ‘ ﬁ@ mm{@& aulled ot cmiwﬁ




a
7

I;R?:iﬁrbé Wff | u (7
W; e chodge U dutdibured  uuifdtualy oueh o fso ohwwwrom]
Ty Mgtadgmﬂa{a&c&-%ﬂaﬁﬁ%%ﬂ%b
KL—QD&W =

. " et
fety s & Py ON Jouble wkepehion
Sy clbace. TWEEAL O b o SoLodakind



7 Fiud e fotal CL@\%&( e e Vigluae Z@)‘Mﬁ Vil Chotige aﬁaw‘%

79 Iogle'_b-iigm Ty St « e veluwe oy eha/:.l,@l bl -24Xx€2 6eye)
4 ThBLY ,

g Iozlé_ ‘iém ri‘/
fy =
dv,.cl:cd‘bf ag
da= fudV Yl 2 ol
iy 2 f ff b T & Dy che dy 45
@L:Wft Al |
e |
i ) of
_ 2 J o 2 S’M‘ﬁ"/(efl C&‘s
-z‘;f: f‘:\" @\) e

@%i 21h b ©

CF1 DUE To VARIDUS CHARGE DISTRUEUTIONS:-
= : A .
s o\ML {"O Pﬂb&k Cl/‘-&g-‘i/[ 4 C - — . qIQ

— ' 414, R

7 dug to tive ey '.,
o hve C—@‘U*EOLU\ ()N I twe dmﬂ%?_ Lirke hubhow [«qun,@
K C‘l&w N %9—9{‘ &M‘iw fi |

Mae oL da ou e Dlwdmw ﬁuugé&di

0\@ = FL ‘”
. | da = pdl —
< 6 dl g c AE e Sl @y Seo g
G W dA U b be. gpteiuad 4R kileR

Aoctidivg upen Hy Coficdbvak: et o P e T




e To RULE!~
pye To SURTACE CHARGE &

fs -
A@L"/ﬂg&ds B %AS aR
R
E f[‘__@_‘il.s..f ag | -
| TN oot F
1ho Hu 4
T G ds He be shioud acchdivg fo o T T
) vy WA .
%
&C)
O\»
e
=R O v -
4 \(_%q _ QL;;QR
:ﬁ P- &T7 £, R
S
@e@: [
Wl 4l €o R | blé
o chelivel fH

T abod cusbg o
Sp ovd dv M,Q_R‘e,ab?cdwot oAty

A0 Lk A
) i }5&?09& A Pduibhz Jﬂ{rgy o W@%L W

= QkGL.PCﬁVkM
S - 1 €
:EP*EJ“}ES-}— v

—

,MUME’ME



ECTRIC FIELD DET0 IWEINTE YRt CHARKE C‘“@
ceaidtl oy T\A}\,Md\f QL“-:L& Q{Jrﬂma»tﬁ liwe C&»LQ}LL\ZW LLLMFEL\M Jiue
lewe ey CU,CJ‘? ack o

_ﬁk%"v L\;\\}H\\A% clb_\,u]‘c\f (p clwA - (}..Q,l’ Muis
b oto o ond Wt Calledh MW ol cleftits W Sttt ° fo be
b pouk P u O vaxy o whach ehc*%c . o

&k@%ﬂ\;@l Th diskavi e sk

a2 ogﬁaf!vl 0 oa.

@ Y o e 0’%
puit o R%&v jrasbol S ! CM{;L%WC{ 5118:4% j
O,,LO\\& N \\\,U_COQLWLMM WM g TE [‘J O\lwﬁ < % |
da = fL ]
- (‘i d3

Tue el o R ooee (0,6,%) wiie codichivedél of

P odn (oCH\

lame L u& A Yo (& \ch)m"W R = ?\P“(}l“ ;

= [G{;{\/ - ‘3&:?}

C(R) = e 2 |



= (0(_,51% [ﬂlﬁ-‘;“(ﬁg’_} J ¢
o L

" NOTE! Fa oue L
e\ CU‘[ C.ll.‘LL'\.q'L_%C ou Jr Z o C\KH }{LE,QLQ %@LL@J JLC[E:L?,E

: Q v
PLQUJLL}{ o - €~ _axly. leule e 7 CQWPOL@{)%)@J, 2E ¢ {y’%uc!u(d
by duck chofigel c\% it P wild Gauc ] %@ 56 Mot
“ )
£ dz 06 Q

47 = —2
5~ 6715, (W \}—@'

vl € o~ Pcwd—P
&




PHCLV\LB = SECLS‘

! T s
= fL b g pdl 20
| 4o “Wh o1 cec’

Mo
e o whdfa

&7{20 Cl = H}."/

_ fe o [owd]
4TS 7 2

Tho  —

-
Ry

. Yo clodge

peivet p e
ol Huw _]j Ufante o ﬁbdff
b Ff

1 e et

9[ = J,\f CU%‘C\Mﬂ@ U&
W Hae
W (o

Qy = Uwt Vet
k%\’_\’\ STUAN

ho, WO (’mefe\,«ﬁ,mt u Hu g 04

,gp CndLeJ QI—LJ

T ol coy Po"%u\f
Lach o Ck«c-\,%yQ u

et ) EF I
ool do Hoe hue olovgy

e Uedeg Tput R



Ao A LLU&&»&W'I\L&, clodge ‘m‘kﬁ‘mih w exfeut WL £ = 2ouchy
Lie) o\,l,\m_.% W ZasM. Fidd We & af (6,8 3)w. -

T o (goolaxt (6000 + O

% . hoo. bRy
"R AR

= 0 b Gx+0-Bay

3 . .
298 N | _ %Q%
-9 - &
_gorts ! [obd y kB ] AV :
T 12 : O
2T uxp x 1o C)
= v
= |p7g5s T + MBS Jg_\% |
ELECTRIC FIELD DOE TO CARL § CLRWLAR RINGI-

Couwlicd clwﬁzw Cifc. p'L!\LLR
of Qucdiwy A placed v Kyvplng wiMk
Cok Qo d v, (ossplity o Clodige
uwb«?uwlv dl,o\r\.ﬁ uéfc’r?{mw&@maev
T ot ity b St

T Poﬁwl- P U oo Jfoh%qag
- FLOM R 90\'.,&3 o Yo Yy fy
Couird oo Zwaaldl cﬁWqﬂ Aw%m Xalﬂ o Mg fiug,
L gw% ow ity AR,
' d& = fi,-ol'ﬂ




_I Cewicker K tth@ﬁ el (s&Liual SWEW"T 2 @ ,9’1) /7/_ @
[4 Q) we cdeo M,it\\ﬁ\/,a W ¢ difeched _
whee  df = 4d¢

2

R = ﬂl&%L_-

R Can be pharuad b%\,m e
_. };WPOMQL{J?\ W uf\\\,@ﬁ;;,,{(p{l (S«G«ﬂ—ﬂ,u\

. e
| ML«}G&GLI A 3
Q) O\LQ‘A‘C\_/\,{IC/Q A Tu M2 C{AKQQI’!DM Gér "Clﬂ %ﬂolﬁc\u‘f aj
| <.  BAas _p )(7/9*
M = B v %7@2_?%

) _ _ 7

R = '"9“31'9,_‘? ’?Zﬁq

; o’
’]R‘ _ ‘f@é% ~ ' y
2l %% _am 4 2] (ﬁﬁi"ﬁar

4
3 e C C.(t'

" "M Gh T e
%P?\%d-d} (- 9u{§,"+2°ﬁ] '{H'al g,,pu\{g
“"//’H\%« To o7 - 2%

E% (e (437 g o bo s puching

NOTé’ 'TLUL Bopdbsd @M/t{)éw,tdl Uéf 6 MD\ 0\9&. 857“9}0(9

olaced ™ MP‘M‘L_FW fo X Xy Piﬂujir
[\

- . ﬁ,?‘ﬂﬁ@) %gt‘_i _ Rcmkmh J \
&E &/licf’“f“/” | Cot™ /A
g :? 4/1125[3{3\)/ - ‘ |






eCTRIC FIELD PUE To TRFINTE  SHEET OF CHARGE ! ~5)

H B

i ':/'x_/.“—' e e TN e ":r’g \“"'“‘ u
Cowielih oy W% wh 2ot o 7 ﬂ&f-ﬂf

QEU-}& low) wla LI FDW\ C’,E@,&,L ¢
I ~LM’L\{—7 (U C}wl

Q{DL(QU\ T RY ‘”./(y»bu,
o W W C—‘T{AL\CL*L{CLZL CQ"{Z@L"D“

sk P ok ek E o e

1w po \
5&(&&;&93\ PO B0 ;(l zq
Qe
“Comidey H d% W : -
_ de Coddoritug & Chodge. oA . | @% e el i
. Yo de u T &i&i@ e
L. wial difo koA ge w =X C)Q

L@O{-q( C) i
- oUSlLﬂﬁ)ﬁ\M U (}ﬂ _ =
_/‘M—,J Q } oA

a6 = b ds = o
o S

‘;(lT Cp R
X~
- fi{f‘,‘i&% AR
) 2;7%{ R . CQMP mmw&
) lo .
T Cb\’k’w& \JQQJ& Qg It — a8
\ Tue Gedied M wnd f ooy =
\! -
u\,h LAk C;:M,LFOUQUf CJMLQ} Ct3 Me } %{lg
% b 5t t :lq
5;/:,“:%/‘ JRas o e
(Rl = wﬁ?«%’% | | e (yes)
o "%'&1*%;{ ¢ T ts)ﬁﬁ”’*”, .
5o L B |
i r?’ (/‘C.hym o




fr WL plast MUY plaws p vbasd fram 0 fo oo wldde
q \Joddie g’u}%u& 0l 2T - | |
oo de s Cpwometily about 2wl frona ol fudl itk
KIEY C’W"(’W@t %? oo %(ﬁw:i b @QVLO)Qzl. el oflueh. C’Lb@f _,
- & 01 \K vet haVe CM,—Z %&de,l C@A«f@t&ﬂj - -
LAt U)LM‘JLQ_ \iuk@f‘u" \UQ\ CJJE i e WO g ol
' il - \-\M\Q\ d R Y QLﬂbm (Wq J -
as  Cowf ewouls Thougdh - (olidused, OEET M
1L\l gt W 7

s
= = f f dE
q\l?.o ¢}1.‘-:'0 .
ﬁ,‘fﬁ"oﬁ fog QLGlELLC{fﬁ (é&g)
= J\ . ) %[5
- Q’ ﬂ-gg (91 E t.]
o I = 20dty
ce.  2%0dA = .
Wy - i e <& e

-8, usg Y 4 |
e }wa ‘__EL N @L\ ad T 3"3\ /)(){
n g f, .\{.?"% 4T12@m‘5{2/ o




jfwf\ oucondfnbed Cledigd 8, = OHAUC, @, = 024, §matiis
i Dq-—094xcq&g Pooked ok Ho Ve cfo plaune G g o . TLo.
Lowggth of %dew_%*&u 5eud & bfusidl W of Her luckaugle u 204 Fitel
R W fude wc}\chﬁ@dwm ot fiulbank fE1Ce 61 g, -
fr chedge of —0° %pc b Ascokesl b Al25, —30,15)@
M@V\A\W%ﬁ' U i;c;dr&cl oﬁ%blﬁ%t\ﬁﬁ =
e St El s 0 Yo B ©] o L

) Coddrusl
A (0,0, 0) -
g (0,002,0)

Q[M@*oo‘l o)

~p (605, 00) /
O

A on g o Ruma Cg e {-acu @h @,M 3&@4‘

6.6z < . 8.8 (e
By | 3 &K% 7
Ray 7 31 4”& @ 4 f--——ﬁ& %

F 3
o 44'150 K2
3 . [ero\fc:;-r[are%ﬁﬁﬁ [o-0)a3 = ~0:027qy

o

)

—

(Ra) =
) Oy = %’?ﬂ% =

l%&g@ 002 b -

4 [60—002)8y T [oeoﬁ% ~ —oro5 8y — 202

10384y

Rey = (0-0 o'ﬂ%

( =% . B
A \G'Z-EL-‘;

R = —g 259 TG~ O

o Ry . —oro5ax— 0
Swg) = =7 Mcyj——--_ﬁ— e
| Ryr 6)‘05'38 SR———— o
Ry = (D“O‘D‘f\g}c . {0-0) 9y +(0~0\0\3 = — 0005 Ox
F&H = (‘?2?5‘ ' .
B e e L F 2 0 Tsy ]
| [ 45i8ay
: .

C\Q = ™M o
e | By | N
s — T — .
O3 K10 é’}(-o.uz,)c t0 L,_qy] e ]..gqg_“c‘[lf g cf___,.f».:

Ly S B e
4l se(oi0n38)



@@9@(& O B0 LB
jFEA“i’_EB
Qg =
QA (-OT 0 Ao
PETN flieo Ky

o 2 9 _ ) '
o= m"FBE +0I5 -~ O Ul

= - (o-0a)Ft (o0& t loo)
I

0258, T o3y — Or 9 ag

&@%qlﬁlf-{{}
o= (o— [Dmﬁqy+[0eo o)y t (o — o2)cy OQ/

45 VS
2 \0\)0“00%"%; NEATS

\ | = . 5\ THwW %
Ry = -fow"w ook rodz = O N

L N
' e e ‘ % G 1 — \'[ Q
& = — (5 -
mm‘sﬁgfawo }[\L&\%‘a’ﬂ O3
Eﬁ - O gﬁlb { : %:, arlg& mor(ﬁs%\; - c};l"z_éf}lj
g Sl SRR
1?&%%’5‘1?\;0 /t(a@ﬁ | O (TS
\‘r‘\.’f z_i:

) €

qZ %uu& T '75“&%7» s QUL VOER q.s )m!}wl

&Rﬂ%‘;&tlgozocgudmhwwﬁ&g o

T - &L = A 6@\3+ S

']_..-—-qR}'J
Ry

- N oA P s T Lo
- Co.tgrev’vﬂ% +lo2—-(-e3)q + (oar oelBLeny = —0<1 o +059y

e 943358, — 0524y Y U5 Y &é V_\}M




?CMUJ\' CL&Q&CkQ/\ oG ﬁcx_r;d‘@:l af each cAwnes %Lcmj\ (t./CLLD;/EGU’['@_CV{ j(’ ﬁf‘é
M Uw&%@/\ Ao 34, —‘LQ %A IQ Bud E ok Wto[?(ﬂu\)r ongQ[l:é]ch\

Lk AR=BC=CA= Q M)

‘P\CO;OI OJ

(7 &5 xlb Ay

le__

10 &y [
Ogy = — O 259510 a &
_ Lk i
L = _,lffﬂ— m(*%\ I
’ ‘sf’iic[-osn 2
~ O &a}

(A
(W
=
6\"\-
2
G
L__,J
//

& b ;
o B ML Teel)




¢ A Cifeded diac of
fotad chatige g

%) @: IOOMC‘
ZO:' 1o = Oy

oW dosiud u elas

el

E ok o Pcﬁu,{- 200 o T B o

. = L
Jea=Tp = BoBBte ]

s B e

fog_’"m .oyt}%tuli
oo T Pép t 30g
a}o B _@q?,*‘r&ai
B o

Ve

= [ 4 g,

s alT&R”

wb
10010 2 ig3ixiB e, E

/)

I

%_.

~NS

ey




E %Ll O(J/OIUJLQLQA TL [ADl-Cl 4 QSUV'\LLQ rECﬂUJ? i e eochh v Q}%JWH}J/Q:
“& it (R OBLO\ Sueda PW&W@MG%%Q whath il do Mud, fﬁ"t‘
| ok e couttiond c% Uy g%@\gj

f/j' Lok M siokal %‘;%ug&,q BQ—C’ZW iy w&wm#&d‘y
ucngﬂWh&Q@Cmﬁw«W. |

b (Ruely o 4B, CED
& MMCQJ%U{ %mg%m%‘

c M&:La to hold 46’«93%
I

F‘ﬂ he 9C0 axetel v
at A P{U&Cl D&*@CjM(JILLQ
chodgu - |
Dﬂq,o
Mootﬂ B (0,9,0), el \{%} f <
2= Q. ¢ -: M%"\‘Qq'j A O | / ‘\/7/_/%
28 Ay ,* ,\§ (ZM c

L\‘)(UUL Pcﬁw)t £ u ot (% ,(ﬂ@




5(1191
“To L“’Jtl QU\ M C}/\DJQ_CT?A IMQ?LU- b/qAULLV; M mak £ .
ex Ok g on. oy %fu&.@m&%dcﬂ&.ﬁsGHMﬁCMﬁgm mmF%~

— 8 ) ] g
i —_— \‘%bS‘)Q . 2535 -
.r‘J 94( 7T Oy —Y[ 1:2535 0 {__6_]%] |

3o e, ;:T__o
bk & Fo
NNl |
2 -
#[%5_36—& P, =
(o5 ,é§¢

d\ﬂﬂ%ﬁ\ P i Aod %

ol T OUANH Rk L Cl)\

- r&aww%ﬁw ke _oes MO |

f’— _H‘h%..

WM Wmu} chodhgd +6 egdmv\eiljw

i el el o Jodad A 4 Budh (@mecwﬂau

i\ do 10A 1L/ Co o o CQJJ%OL q’fj o 4 ﬂ o)
-Q,‘D‘




I—CCfP\\L FLUK
Tl - J[EHJ \/LD d%‘ QJ\\A.US C?z&fkca W D\M'f W‘LML&% QQ}I {‘gu % .
C e N - g

aMd R ucdlic 6”)“

--e[MHw
) Hredes qum-k“‘i Y ’cegyﬂﬁ,wcd;\
JTSTVIR LU

) - \fe_ me?u% W oo
'D we e, %hw e,lmsuc bm Y %ﬂmﬁ
3 D) e po&qM waveh M | |
@ PPN o;\mfu(ﬂ ok & Luwa Mg ctmx%u\ M%a(@inﬁwﬁé

Mu ot Pt & b N{WIH; |

C@m;



_ L~ \
!
|
' !
. ’ - ; I:
- : !
In’

0 U 6 Lo}b\ oct T (AN olgechou

D Q«M&A Y @,QXW!H‘\\J\\\I &

9

Mo MOU\L&M






G AVSS LAW

Tt e g Mo oy cbd aste 8

MATHEMAT LAL REPRESCOTATION! 6\@”’5

Cowide) ey “oh)ect- ﬂ;l.‘l?&tgwb% S
gl oA Yoo VWb A
otk s wnaload by B G
oaguledt odoted. Audface U @ Codudd.
couida o Al A%MMHJ |
pubfuee. ds ok potuk 0.

A ML UG}t YRRRERN IV
Ddechon T D o weld ay YR Wa\«dwu
pruk to piuk eu Hue dvhjute 6 |
UL &S fete de vuded C%Mtwwkx‘m\*@,\ be_ Q«LP%,LLMQJ o Hae
Vel o W T I odhac & difuchion udumak fo B
guifate o W vk S
45 = ds O -%% .= o f,axg@_guoq A Sue
7 e ety “*\ﬁ&* Ml &ml Tofo chov oo powt P
W oweler o O % Wit g wow .

th

L, Met™

¢ u Mue {’?%le‘l d@*

wgﬁé{ e d
5 aqy Mo L gWfate @ .
Jt: QGW\?O\JQM’ of D W Mo Johechom \A&MD‘,Q Fo Mo ds ¢ J‘P
dy = DadS .
By = 17| &30 |
¥y = b O as
ALEN &D‘P PG“’&“C\ _
pyjpdeed = > ds
_. | AV - .45



T B Mot padiug - Mowugh e wewrad aface aheo ds.

Mj\ oo cloted Bunjae kel -
| Cousl & Q,\cs’\«Lé\ g ufa (L oV W

Cbhebe obfued by fudiug e Subjle whephetod

y= [dv= §75.48
| 5

g " % el s ' e €
§) 'S\Q’:k \V.\.DL:QCL)\—Q/\ M mi-ue(@mobhﬁm oVed Mg o\g&zcl (g%& {

Mt “\\,\qu-ﬁwﬁow Y |

T2 @\,L%%a.tﬂ, oV Lol i 0@&2@)\@‘3 U D\PF
Cosumkionv pubjate: % .‘
. Q’?@%}M buck ‘ZLLMJ b ﬁju%,l cewtly ﬂc&q;

D Tus Aubfate  Woy be

5o o\ to en ma%\wnm sy -

0 C/WUL
B T et weF ! Gl A Fosstal fo

Lo

G o 3 4

} ~
f3) At 0cech P(ﬂ 5
’ z‘;&- - ' e of

@ Tue  due

o &\ﬁ%«te :



VpPLICATIONS  OF L AUSS LAW!

e e e I R . |
Lorvn lois CE\M o m& t—b'g»‘\uolg ) DL’Q\ g‘/k/wbw’rﬂuiml Chmaxﬂ,e

Aufaibukowd s - _,
Lm_dwﬁ_wLNAéﬁwﬁgmﬁcmM%wwww

3 U to [pvk
RN L\du.ﬂ\ Y
) Ccz\\:\\m\' be  uied g.r?’ CUE&V— o\W’cQububm,{ ‘;l O'f—St/L \MIL?L/QW@J
5\,@;’- Lohaiu Suﬁjﬂﬁ’a .

coudibous Fo be Sabeped wlile sdechwy Hu

g%n{, 1-L _ _

@ T U Coulent V& Mo Pg;)m‘om 2 p,& cw&cfouh}mm ‘égww«
0} Cds u wok T o \<}</

KX __)

o o s s bk et
BM o Pm\;\}-@,'\@,@w\k(&ugu}d% Bugiv
: <({ L _ . QPL&%}Q;;Q
‘o dukewiul P L e uw&xj { J ox‘w}
gufale oStk B, LN LQ{&Q:Q oy e MW.M
) TUAA &?wwmﬂ %WL@%M\&W x\&%c& G
plada b

W&A\“\Dw
Qod WUQ@ alow‘\ O\ﬁ
A ol fodially ik P s N M

5 TH U odudays
\J\c?\w&ox)\ P@Mco%p 50 Co Amﬁn{[e@e,eif oMY - MO&;JLM
y Cowdded & C\}wau}qJ Aunfa e JOpoL dg o B “
uRwe) Fo M gfate & dS b9 o Yelexivg gl Cofche

Ku@t{tvm - | o
~ %&M.%Wiwwimﬁ:m_ | _
wlichy U wf’ftww\l fo S ofauy

S R ch,%u\nw\ ) '5 U w\t‘}\.% 0
powk P 1






o e - 5

—
: -
—

8. . & ampddg a

e
- b _jupddde [aﬁ'°;ﬁ_ﬂ
Ui |
N-as :_'% aupdd 40
T L '
-g —. 2
oo
T f 8 ciupdddd %C)Q’
N wh \’}/
$=0 h=0 _ - C)O
i T Ay C) '
b | Cu taﬂ@]; Cﬂ’jo é}}%
on -
_ __@_La,. (f@/ﬁm}}g&é%
% R
i N
et o ®



U OFINITE (e CHARGE!

e o it Do chedge G dousity
e Dyingodouy 2-oxih fova =t fo 1

Gowid dat Mo [SIXOYRINE
2 %o@b\ﬁf éiﬂm{_;f C}ﬂi‘i/\olﬂ INVEART
koA § fediwd p M Laugth
L Mal (—_‘,L{hggl,p,\ M L

Ar s IRVURENVEEIHS [/ at{ou% %—W{U

Q_u%_ce'a),

LSe Comuot be auy c@m?owm 7
D w2 dhechou-
| @L}”—D“Ols
. i
g \\\k}c&ﬁﬁgﬁo\& t{)\ Jo be Qvuluo&kwlc)gv '
5 o G
. o S
o T h o + G
G bof G o
S,
oA -’rJ% Soo—

fﬁ [«CM Wo CG—"‘WPO(A%L\%
T
gﬁo | o

-—

9_5'6-&? S D = Dy
Clﬂ T —
ds = pdgdx Ap




Counidtt e 2 o mociald u{\\wcbamﬂ itk fr?””“% "
Congial GL\ - The ot § Yoty c;jmmc/hﬁ 5 o) wbale Hee
Qodinh G Hug  oukeh Conduthd u 5/ Hue ,QLM_%HJA? M



The  Chenge BAbRibuk | |
A S AAATEA ke SLA : - ‘ o k
? o Mes el aullace F fo et (aedtd

: ;_("?‘”\‘*ﬁ& &M’GW 163 ¢let B
; e ’ e § . . . - )
TCLQ, «f—m‘-r;\,,\ e gb‘?}&—q@g oS on Gbl M. I\,\WQE[ CQV\A“\"LC'I:_D% b 2b Qo L@




TNEINITE  CHEET oF UHARLE!

i i W Geet G Ao

= F - X "".I‘) Loy ue
o ib ds =0 o \%
$t

R
e foagr B DESIK A
= 5{”) O@\@ dy dy 43
Yof T

2 C}CCC\"I(
r—“@ = Dy
w

% &1)

_ Dldmolﬁ

b o > D =m ™)
Lot Gk“g' = Qe ey ["q3\>
' 5.&5 e Py (R0%)
. Didﬁl&“{ &

€\ ﬁg °\1"~LL{ = ?g A Ci\-{ = 70\ = oo %’« Qu&t{e\c,_@,
o S L

ot il S0 aia - T e vl



. a - ‘_fé:? ?{i C/LML

E = s Qa C) |
hpes's Ly Applied o Pife S
s s BT sl

¥ . ‘l/\/]LL‘\
\'\Q woy we have CQ\,LMM\.Q_&QVC\Q‘-@A (o
S Uwh oL

0o Lout OZ— I '/Q: e 100 .
o syt e s ' | cuch Mot
Q\i;ijwuiz - 9\:91509 ifiﬁ b VI
- "
S\Tww@rm{ g, (roww w% e 4 2o o -



W gioke) 7 oA Ausoasilh b Ax, Ay & 47,
371@ ta‘i\\mu\ %7» H,u& Q,Q,LWLQML Y Cuche Mok Maa ?mu@ P u odi"
M QQJQ}L % e - “loweunt & *MQ& f‘& be Eua»rw =

, Hewle BG*P u D'o

}”.D.— D, = jkoqx 4 Dy, Ayt Dn

HU\ CMfBV\QWt DX@ rDL/“ ’:1 Do \}0‘91‘7 it digteate. ™M M

tmimhve: A3 chow -
) gs ﬁﬁd?
‘ S ’ ‘
gL +D\'()J\ RU&#QL{_ I\XX‘EL%%?J ‘

o w SRR

- ) DXD ' e & : \ o Iy
- Tue @0‘!\)& P ) Lictaunce i gmjg;.e, R dechny
feow U A;__ d dgdrviedh ve cv D Volie)

5 T fake 65 cmmqg Woerpord o el X
L T Cu&obmff% c&hh |






DINER(ENLE,

.n--":.-lr ®

bx ‘{

e

N +O“”5Q?b{ a&MMUALQLD s
IQQMﬁMx(y; Rﬁ» QPM&WUA 5ugk££

Mpuﬁf @UA()QK@) Com b2 Q&upigA W hMMuﬂ

e hmfe_ “Wauu\w_& o &Wu}x‘o\l MMM
oved ek D u Cowdf -
Colt o4 AV-0

aDX My O3 B’h
oS

m(ox**@'\f a?_\\io :
};Dc\I )
AV |

S

éD)‘ 50745(}’1)’31 e \L\\M
E’T‘ Y DA AV ©

mu;‘\:\h Wol \y A

v \% )_w—“;o

13- L#ce veloCity efe.,

iA QLUT

;Q\
(VST <Q #?ﬂ&f
- W - _
o+ 9 *é&% Qf.\% =0

”é"»? Py
?,{ Collad @ d}wsuamce.

Q\A\/(E:‘DM .A\f
Av>0

7 M dwsgante G & Jeckd o o SCaled o psnd -

3 0 R
SRR LS =
P 8":\7: B%'f 89\'1 s :l\l A



7 . ont . L
ok oY MR
- 3 PA ) YA, O
- _ 1 o ) one 2
A p of T P29 f AE
) | DA
_ “LiﬁL%ﬂﬁ. )9 (smbAD s B
< A = 917’:“) .1 ?]51M:9% ) + 9\51\48 b¢
wWeLcAL MEANING  oF DIVERLENLE
NN
§ 7.8 b 0Py Oy
, D hw M+ gy LOR
AVAD \ %'C)
y Mg divthopncl 7 tue VeLHﬁ‘<€§bc duwiy P o s

oo

y T e pald U diveguy
T st frov |
y T} e fud
g Bl e q P &k
o s o

- L

A b RN

Lobodkoved U CDwJa%a‘ﬂ
pauk P Rl

ek oWt S
| dv. = ok Pcﬁudr PH ~




'« FE)RST £QUATION—
MAXWELL S £aoatol

AV O 3%
_ dDe, O &%%
- 5y oY
s
'F%:Jw\ ac\mk/\ N td N e B = S
\ WA lad n Po\ Ok Veluwne harlj
R PR e
g . 90 & |
— € s i
BY AV ®

\
%QU\MA bwit avV— 0 1-2, Vo L,;'\(%\
)5S
lw _‘%ﬂ . bw %ﬁ,—
AN-50 AV Avﬂ%O%
i o ot 53 (5)
b w & = &Y\af ok PO
ANAO ™
%

: lted To
o Collad Moxwell4 T eauakon Opf ¢

e OKBOVQ OV‘* A u : COUM lantd
Lo ctAo S CA oo Called po\u)f &5‘“ % \
\ s o me
(ot law ™ P
e Hcdmmoud % . Z{L‘)‘b o dewrity g |
’TLU?- CL&\}Q%%L.V\C,Q %--Qlﬂcf C @\03 y QML?*J Ly e Voluwg
' ca bl 1B R p g |
~ ‘ : \j\mma PO “%

al awut
thoSae- dewby ok o A |



CSWERGENCE THEOREM! |

. ﬂcﬁo-‘,u\ auu}v'\ Lanwd




é/@iwi\ M&,hh& W TU A Voluwe c(nﬁL.er:l bl{ e 6 P)@wa M
yee ixen geysen, zizi4 il

P o= uxXay T zy’ay ¥ 92 Az cw

A5 IR emcl Suifetel |
. s

) frouk cuiface (x=2),

Y okt (x =V, de=dy d3 & 45 = —dy dz ay

o) p-oide (4=3), de=dyxdz = GE-: dx d3 C\TL

Wy L~ aide (q;ﬂj A= dy d’i: _ dxdzay

) tof [z=0) dg=d* dy = 487 i;;%t/q3

) Bottow (2=3), Ae=dedy D O\EOQ xdy & |
O .




' t@’_r’;.i’-éj' WU Mae s
e e T X of e vec (A fed D, Y, 2 s (B)
2y 4 AP n .

L :lf D OL? Ut €

) Lgout Suﬂ}ac_g CK:I)IAQ:OIVC’% Oy
(XEG) , o\Q:-c{ydigy

B patt glﬂ\-qCQ
D g y=1) d¢ - dxdzdy
et (y=0) de = _dxdzay (z:c%ycr\;*r ?ﬂ‘;ﬂ%)‘dycﬁa}
) Top (%il ds= 0\?(61‘/’&; LZJCLYOL‘I’&; |+ ot0o)
) W@yy) (%:D) Ol‘; & —&Xdﬁ’a’g C;k’

| 8
A fouk Tode = 2xydyde  »= QO -

FOLT £ ,_fg,XLY dk{d%. XT—@Q L .‘ f _ ,
\ Q st
gt . 2dyd® %é?@'
>

Y\,
S&YG\XC& =
\ Qf—éc t / o
o | Tt || [ 2o
2=0 ‘C:‘f 2=0 Y:E '
‘Q%a \ \FEO |
\ ¥ ‘
o T | 2 dtd? § / j_-zokxd% odiivo
Z=0 =0







ELECTROMAGNETIC FIELD THEORY
(20A02403T)

Energy and Potential

(ELECTROSTATICS)
i
Y\,

&

Mr. 'Clozgél%osaleswa ra Reddy

Assistant Professor, Department of EEE

SREE RAMA ENGINEERING COLLEGE




/
Work Done

Consider an earth's gravitational field. An object falls on the earth due to the force
exerted by earth's gravitational field. But to move an object away from the earth's
gravitational ficld, the work is required to be done by an cxternal source. The force in
opposite direction to that exerted by carth's gravitational field is required to be applied, to
move an object against the ecarth's gravitational field. In such a case, work is said to be
done.

Thus, work is said to be done when the test charge is moved against the electric field.




4 N

Consider a positive charge Q, and its electric
field E. If a positive test charge Q, is placed in this \ ] / a —-=F
field, it will move due to the force of repulsion. Let M
the movement of the charge Q, is dl. The direction <~ &® — =

in which the movement has taken place is denoted / \
by unit vector a;, in the direction of di. This is

shown in the Fig. 4.1.

According to Coulomb's law the force exerted by
the ficld E is given by,

F=0QE N




r \
But the component of this force exerted by the field in the direction of dl, is

responsible to move the charge Q,, through the distance dI.

We know that the component of a vector in the direction of the unit vector is the dot
product of the vector with that unit vector. Thus the component of F in the direction of
unit vector a, is given by,

¥, = Fes, =Q, E-d, N

This is the force responsible to move the ‘charge Q, through the distance dl, in the
direction of the field.

To keep the charge in equilibrium, it is necessary to apply the force which is equal
and opposite to the force exerted by the field in the direction di.

Eooica = ~F,=QE-d N
In this case, the work is said to be done.

Key Point: Thus keeping the charge in equilibrium means we are moving a charge Q,,
. through the distance dl in opposite direction to that of field E Hence the work is done. y




4 N
Thus there is expenditure of energy which is given by the product of force and the
distance.
Hence mathematically the differential work done by an external source in moving the
charge Q, through a distance dl, against the direction of field E is given by,
AW = F,_ peaXdl==Q, E-Z, dI
But dl 3, = dL = Distance vector
dW = -Q,E-dL J

Key Point: Note that dW is a scalar quantity as E«dL is the dot product which is a
scalar quantity.




/

Thus if a charge Q is moved from initial position to the final position, against the
direction of electric field E then the total work done is obtained by integrating the
differential work done over the distance from initial position to the final position.

Final Fuinal _
W = jdw= j -QE-dL
Initsal Initial
Final___ _
W = -Q j E-dL ]
Initiad

The work done is measured in joules.

Key Point: Note that at both the positions initial and final, the charge (Q is at rest and
not moving, then only the equation (7) is valid.

™




€ The Line Integral

Consider that the charge is moved from initial position B to the final position A,
against the electric field E then the work done is given by,

A
W = —QJ E-dL
B

This is called the line integral, where E-dLl gives the component of E along the
direction dL.
Mathematical procedure involved in suchi a line integral, is,
1. Choose any arbitrary path B to A.

2. Break up the path into number of very small segments, which are called
differential lengths.

3. Find the component of E along cach segments.

4. Adding all such components and multiplying by charge, the required work done
can be obtained.




g Thus line integral is basically a summation
and accurate result is obtained when the
number of segments becomes infinite.

Let us see an important property of this
line integral. Consider an uniform electric field
E The charge is moved from B to A along the
path shown in the Fig. 4.2.

The path B to A is divided into number of
small segments.

The various distance vectors along-the segments choosen are dLy . dLz,dLs,dLs and
dLs while the electric field in these directions is Ei,Ez, E3,Es4 and Es. Hence the line
integral from B to A can be expressed as the summation of dot products.

W = —-Q[E *dLi +E2+dLz +....4+ Es - dLs]

-




4 But the electric field is uniform and is equal in all directions. A

Fi1 = Ez=Ea=E;4 =_E5=_E
W = —QE-+[dL1 +dL2 +....+dt5}

Now dL; +dL2 +....+dL; is the vector addition. So
according to method of polygon the sum of all such
vectors is the vector joining initial point to final point
when all vectors are arranged one after the other in
respective directions. This is shown in the Fig. 4.3.
Hence the sum of all such vectors is the wector Laa
joining initial point to final point. Fig. 4.3

W = —QE-Lga .. (Uniform E)

Thus it can be seen that vector sum of small segments choosen along any path, a curve
or a straight line remains same as Lea and it depends on the initial and final point only.
Key Point: Hence the work done depends on Q, E and Lpa and does not depend on
the path joining B to A. This is true for nonuniform electric field E as well.

- /




e

static, uniform or nonuniform electric field E is independent of the path selected. The
line integral of E is determined completely by the endpoints B and A of the path and not
the actual path sclected.

co-ordinate system selected. The expressions for dL in three co-ordinate systems are given
here again for the convenience of the readers.

™

Thus, the work done in moving a charge from one location B to another A, in a

Key Point: This is called conservative property of electric field E and field E is said to
be conservative.

While solving the problems, it is necessary to select dL according to the conditions and




e

The work done in moving a point charge in an electric field E from position B to A is
given by,

A
Q = -Qj E-dL
B

1. When the movement of the charge Q is against the direction of E, then the work
done is positive, which indicates external source has done the work.

2. When the movement of the charge Q is in the direction of E, then the work done is
negative, which indicates ficld itself has done the work, no external source is required.

3. The work done is independent of the path selected from B te A but it depends on
end points B and A.

4. When the path selected is such that it is always perpendicular to E i.c. the force

on the charge is always exerted at right angles to the direction in which charge is moving,
then the work done is zero. This indicates 6, the angle between E and dL is 90°. Due to
the dot product, the line integral is zero when 6 =90".

5. If the path selected is such that it is forming a closed contour i.e. starting point is
same as the terminating point then the work done is zero.

™




An electrostatic field is given by, E = -8xya, -4x2d, +a. V/im

The charge of 6 C is to be moved from B (1, 8, 5) to A (2, 18, 6). Find the work done
in each of the following cases.

1. The path selected is y=3x* +2z, z=x+4

2. The straight line from B to A.

Show that work done remains same and is independent of the path selected.

The work done is given by,

W = -Qf EedL
B

™




e

Let us differential length dL in cartesian co-ordinate system is,

diL

E-dL =

[ ]
-]
I

ay

dx a, +dya, +d-a,
(-8xya, —4x* T, +a,)+(dxd, +dyd, +dza,)

—8 xy dx—4x* dy +d7

«a, =1, other dot products are zero.

A
~Q l ~8xy dx -4:-::2(1}? + dz
B

A A A
-Q I -8 xy l:lx-J 47:11:]}"-!'} dI]
B B B




Case 1: The path is y =3x> +2, z=x+4
y = 3x‘+x+4 differentiate
dy = {(6x+1)dx

!
For | —8xy dx ~ The limits are x = I'to x = 2.
B

A
Fm'J —4x"y -3 The limits are'y = 8 to y = 18
B

A
For_[dﬁ—-}’lhelimitsarez=5toz=6.
B




w

i

-Q| [ -8xydx- j 4 x3dy + j dz
% =1 y=8

Using y =3x? +x+4 and dy = (6x + 1) dx and changing limits of y from 8 to 18

interms of x from 1 to 2 we

w

get

2
-Q _[ - 8x{3x? + x+ 4} dx~ I 4 x[6x+1]1dx+ I dz]

» =i x a1

=1 » -1 Z &5

2 2 &
—Q[j [-24x?=8x? —32x}dx— [ (24x®+4x?)dx+ | dz]

2
- Q[[—ﬁx" -—% x3 ~16x? -6x1 -%xa ].

+<z>:]

~Q{~256+1} = —6x~255 =1530])




4 Case 2 : Straight line path from Bto A.

To obtain the equations of the straight line, any two of the following three equations
of planes passing through the line are sufficient,

B(1,8 5 and A (2 18, 6) Using theco-ordinates of A and B,

(y-yo) = 2222 (xoxq) y-8 = 22
Z A
(z—zp) = y: _},';(y-yn) y-8 = 10(x-1)
_ - = 10x -2
(x-xg) = A B(z-zp) y =
A —Zp dy = 10 dx
And z2-5 = 273 (v_g)
= 188V
1
z-5 = 156-8
10z = y+42




-

2 18 6
W = -Q[I -8 xy dx - J 4 x*dy + I dz]

=] }"IH =l

-Q[f -8 x(10x ~2) dx -~ f 4 x2(10dx) + i dzl

x =1 x =] z =5

80 . 16x2 40x*7?
= _Q{[ xS + ; ; :|=l+[z]:}

X

= - Q21333+ 32-106:667 +26.667 -8 +13.33+1)
— -Q[—255] - -6}{-255 =1530]

This shows that irrespective of path selected, the work done in moving a charge

from B to A remains same.

/




Example 4.2 : Consider an infinite line charge along z-axis. Show that the work done is
zere if a point charge (Q is moving in a circular path of radius ry, centered at the line
charge.

Solution : The line charge along the

z-axis and the circular path along which
charge is moving is shown in the Fig. 44.

Circular path " of ch a;
The circular path is in xy plane such bhavingradis r, ovemen arge Q in
that its radius is r, and centered at the }__..._ _— _,5_’ -‘-“: plane {xy plane)
line charge. » Iy “
Consider  cylindrical  co-ordinate \ Y
¥y 4

system where line charge is along z-axis.
The charge is moving in 2, direction. X rdd a,

dL = r d¢ E.) Infinite




e

as,

-

The field E due to infinite line charge along z-axis is given in cylindrical co-ordinates

E = PL a,
2TE T

The circular path indicates that dL has no componient in @, and I, direction.

T eat=of 2
W = -0Q E«dL=-Q a ,~rdoa,
nital 0 ZTEEUI'

T PL
—Q{ T do (3, +3,)=0
Asa, -3, =0 as 0=90°between 2, and a,.

This shows that the work done is zero while moving a charge such that path is always

perpendicular to the E direction.

™~




Potential Difference

In the last sections it has been discussed that the work done in moving a point charge
Q from point B to A in the electric field E is given by,

A
W = —ij'dt
B

If the charge Q is selected as unit test charge then from the above equation we get the
work done in moving unit charge from B to A in the field E. This work done in moving

unit charge from point B to A in the ficld E is called potential difference between the
peoints B and A. It is denoted by V.

A
~ Potential difference = V = -j E-dL
B




g Thus work done per unit charge in moving unit charge from B to A in the field E is

called potential difference between the points B and A.

Notation : If B is the initial point and A is the final point then the potential difference
is denoted as V,5 which indicates the potential difference between the points A and B and
unit charge is moved from B to A.

A
Vap = ~[ B+ dL
B

Key Point: V, g is positive if the work is done by the external source in moving the unit
charge fromt B to A, against the direction‘of E .

One volt potential difference is one joule of work done in moving unit charge from
one point to other in the field E

»*

1 volt = 1 joule

1 coulomb




Potential due to Point Charge

Consider a point charge, located at the
origin of a spherical co-ordinate system,
producing E radially in all the directions as
shown in the Fig. 4.6.

Assuming free space, the ficld E due to a
point charge Q at a point having radial
distance r from origin is given by,

E = Q—z“, . (1)
4nE,r

Consider a unit charge which is placed at
a point B which is at a radial:distance of ry
from the origin. It is moved against Lhe
direction of E from point B to point A. The
point A is at a radial distance of r, from the origin.

!

20

e




The differential length in spherical system is,
dL = drad, +rdla, +rsin0Qd¢a,

Hence the potential difference V,, between points A and B is given by,

V‘m = ""J.-f'di: But B = I'n and A = TA
B
Vﬂ“ = - [4—Q—E' EI’ ]" (dl‘ir + rdOEB +r sinﬁdtbi@)
g &g
T Q
Vap = — -d
AB 4nE,r? g

R i e By




' ) - ()
vﬁl"l 4%& Ta IB ] 4!&:-“. rA TH ] I
1 1

When rg >, . {K and V,j is positive. This indicates the work is done by external

source in moving unit charge from B to A.

Concept of Absolute Potential

Instead of potential difference, it is more
convenient to express absolute potentials of various
points in the field. Such absolute potentials are
measured with respect to a specified reference
position. Such a reference position is assumed to be
at zero potential.




e
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Consider potential difference V,p due to movement of unit charge from B to A in a

ficld of a point charge Q. It is given by equation (4).

Qfl1 1
Vas = ngy )
Now let the charge is moved from infinity to the point A je. r;; =ec. Hence —r-]-l— ol =(),
H oy
= Q1 _1]__Q
Vab = I [:—A m]'4nanrﬁ v - ©)
The quantity represented by equation (5) is called potential of point A denoted as V,, .
- _Q - (6)
VA - 41:5“:,1.. v

This is also called absolute potential of point A.
Similarly absolute potential of‘point B can be defined as,

voe 9y -

4negrp

This is work done in moving unit charge from infinify at point B.




/
Flence the potential difference can be expressed as the difference between the
absolute potentials of the two points.

Vhﬁ = Vn -VH V - {3}

Thus absolute potential can be defined as,

The absolute potential at any point in an electric ficld is defined as the work done in
moving a unit test charge from the infinity (ororeference point at which potential is zero)
to the point, against the direction of the field.

Hence absolute potential at any point which is at a distance r from the origin of a
spherical system, where point charge Q'is located, is given by,

VRN .. (9)

41’:&‘.“1‘

The reference point is at infinity.

Key Point: Note that the potential is a scalar quantity.




Potential due to Point Charge not at Origin
If the point charge Q is not located at the origin

of a spherical system then obtain the position vector ?0
v’ of the point where Q is located. ;"
Then the absolute potential at a point A located ¢/ Ra=lr=r
at a distance r from the origin is given by, 7
Q /
Vir} = V, = ; O ——mmmemmam A
A 41:5“ I r—-r l Oﬂgln f *
. ,
= iR e {12} Fig. 4.8

where R, =|r—r’| = Distance between point at which potential is to be
calculated and the location of the charge

Key Point: R is only the distance and not the vector. The potential is a scalar quantity

hence only distance R=fr—r’| is involved in the determination of potential of point A. The
reference is shll infinity.

-




Potential due to Several Point Charges

Consider the various point charges Q Q
Q, Q, .. Q, located at the distances : ¢
n.r ...r.from the origin as shown in the
Fig. 49. The potential due to all these point
¢ , at point A is to be determined. Use
superposition principle.

Consider the point charge Q.

The potential V,,; due to Q, is given by,
Q Q

4ﬂ£n| r—r1| B 4R£-[|R]

Va =

Fig. 4.9 Potential due to several
point charges

where R, =|r-n| = Distance between point A and position of Q,

The potential V,, due to Q, is given by,




e

Thus potential V,, due to Q,, is given by,
Qn -— QI‘I V

dmeg [ r— n|h4ﬂﬂRn

VM =

As the potential is scalar, the net potential at point A is the algebraic sum of the
potentials at A due to individual point charges, considered one at a time.

y V(‘r) = Vﬁl =Uﬂ] +.‘fiu+ ----- + Vn
Q Q,

Ine R, 4nE[,R1

VA = V{l‘)= Z 41.[5“'1. r | Z 4;;5011

m=1

Key Point: Nofz that the reference point of zero potential is still assumed to be at
infinity.
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Potential Calculation When Reference is other than infinity

The expressions derived uptill now are under the assumption that the reference
position of zero potential is at infinity.

If any other point than infinity is selccted as the reference then the polential at a point
A due to point charge Q at the origin becomes,

Vn - '-‘“9'_+c

dme R, .
whore C = Constant to be determined at choosen reference .
poml: where V = 0. 1

Note that the potential difference between the two points is not the function of C
Key Point: Another important note 1s that if the potential difference is to be
calculated then reference is> not needed. The reference is important only when tie

absolute potential is to be calculated.

™




4 h
oy Example 4.8 : A point charge of 6 nC is located at origin in free space, find potential of
point P if P is located at (0.2, — 0.4, 0.4) and
a) V = 0 at infinity
bV=0at(1,0 9
V=20Vat(-051,-1).

Solutton : a) The reference is at infinity, hence

0 ® P(0.2-0.4.0.4)
Vp = R
! dre Ry /
Rp = 4 (0.2-0)% +(-0.4-0)* +(0.4 ~0)? Q(0.0.0)
= 0.6
6x10 Fo- 4412

=89.8774 V

Vp= = -12
4nx 8.854x107"* % 0.6




4 I
b) V = 0 at (1, 0, 0). Thus the reference is not at infinity. In such a case potential at P is,

_ Q . e P(0.2.-0.4,0.4)
Now V. at (1, 0, 0) is zero. -
r at{ ) o ooy = - @ R(1,0,0)
‘U’R = :i—- +C=D
“EURR Fig‘. 413
and Rg =  (1-0)° +(0)% +(0)* =1
-9
0 = 610 - +C
dmx 8.854% 1072 %1
C = -539264
Vp = gon—#C= 898774539201 = 35.9509 V
ne R

This is with reference to (1, 0. 0) where V= 0 V.
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¢} Now V =20 V at (— 0.5, 1, -1). Let this point is M (~ 0.5, 1, — 1). The reference is not

given as infinity.

VM=

and Vh'[ -
while R, =

20

I

C
Vp

I

.= VP -
Key Point:

in all the cases.

Q +C

4o Ry e P(0.2,-0.4,0.4)

20 V y
_ » 2 132 -
J(=052+()2 +(-1)% =15 a0 ——Fu__
® M(-0.5,1-1)

6x10~°
4 x3854x1n-‘2x15+c
nx3. - Fig. 4.14
- 15.9509

_Q - _
T +C=89.8774-15.9509

73.9264 V

Note that distance of P from origin where Q is localed is Rp which is same
Only 'C’ changes as the reference changes hence Vp changes.




Potential due to a Line Charge

Consider a line charge having density p, C/m,
as shown in the Fig. 4.15.

Consider differential length dL’ at a distance r’. Then
the differential charge on the length dL’ is given by,
dQ = p (r)dL - (1)
where  p, (1) = Line charge density at r°
Let the potential at A is to be determined: Then,

dv, = —9Q _..9Q o
dngg | r—r]o 4nggR Fig. 4.15
The R = |r-r"| indicates the distance of point A from
the differential charge.




4 N
The dV, is a differential potential at A. Hence the potential V, can be obtained by
integrating dV, over the length over which line charge is distributed.
3 _ dQ :
V, = Vlr)= j T%R and using (1),

|

pg (r)ydl Vv o (3)

Key Point: Nofe that R is the distance and not the vector and for uniform line charge
dm&y pl {r') =pL'
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Potential due to Surface Charge

Consider uniform surface charge density pg C/m*
on a surface, as shown in the Fig. 4.18.

Consider the differential surface arca dS° at point
P where p¢ is indicated as p4(r’)

The differential charge can be expressed as,
Fig. 4.18 Potential due to

dQ = ps(rdS - (1) surface charge
vy = i BT
where R = Distance of point A from the differential charge
The total potential at A can be gbtained by integrating dV, over the given surface.
_[ P’y dS
JnenR .

Note that for uniform surface charge density pg(r)=pg.
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Potential due to Volume Charge

. L
Consider a uniform volume charge density R
p, C/m* over the given volume as shown in the
Fig. 4.19. 'j,- Pv
Consider the differential volume dv” at point . Z. .
P where the charge density is p, ().
The differential charge can be expressed as, Fig. 4.19 Potential due to

] volume charge
dQ = p,(r)dv’ .. (D

_dQ _p, () dV
WA = greeR = amegR
where R = Distance of point A from the differential charge

The total potential at A can be obtained by integrating dV,, over the given volume.
L dv’
V, = J' p,(r")

drenR

L0

\_  Note that for uniform volume charge density p,(r'}=p,.




Potential Difference due to Infinite Line Charge

Consider an infinite line charge
along 2z-axis having uniform line
charge density p, C/ m.

The point B is at a radial distance
rp while point A is at a radial distance
r, from the charge, as shown in the
Fig. 4.22.

The E due to infinite line charge
along z-axis is known and given by,

E=_ 2L 3

2REQT -

while dL = dra,

in cylindrical system in radial direction.
- /







Equipotential Surfaces A

In an electric field, there are many points at which the electric potential is same. This
is because, the potential is a scalar quantity which depends on the distance between the
point at which potential is to be obtained and the location of the charge. There can be
number of points which can be located at the same distance from the charge. All such
points are at the same electric potential. If the surface is imagined, joining all such points
which are at the same potential, then such a surface 1s called equipotential surface.

Key Point: An equipotential surface is<an imaginary surface in an electric field of a
given charge distribution, in which all the points on the surface are at the same electric
potential.

The potential difference between any two points on the equipotential surface is always
zero. Thus the work done in moving a test charge from one point to another in an
equipotential surface is always zero. There can be many equipotential surfaces existing in
an electric field of a particular charge distribution.

- /




Consider a point charge located at the origin of a sphere. Then potential at a point
which is at a radial distance r from the point charge is given by,

- _Q
4 REU r
So at all points which are at a distance r from Q, the potential is same and surface E Eqr‘;lap;t: niial
joining all such points is equipotentia! surface. /
Similarly at r=r;, r=r, ... there exists other equipotential surfaces, in an clectric field I

of point charge, in the form of concentric spheres as shown in the Fig. 4.25.

It can be noted that V is inversely proportional to distance r. Thus V, at equipotential
surface at r=r; is highest and it goes on decreasing, ag the distance r increases.” Thus
V) >V, >V, >..... As we move away from the charge, the £ decreases hence potential of
equipotential surfaces goes on decreasing. While potential of equipotential sutfaces goes on
increasing as we move against the direction of electric field.

For a uniform field E, the equipotential surfaces are perpendicular Lo E and are
equispaced for fixed increment of voltages. — E

Thus if we move a charge along a circular path f}.\o,‘e [
!, :’ \\ 900
s v d

of radius r, as shown in &, direction, then surfaces RS RPRE
work done is zero. This is because E and dL are J L

perpendicular. Thus E and equipotential surface ! r

are at right angles to each other. \ E

For a nonuniform ficld, the field lincs tends
to diverge in the direction of decreasing E

-




(a) Uniform field

AV &1 AV

Unegually spaced
equipotential lines

Equipotential

surfaces
(b) Non-uniform field
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Conservative Field

It is seen that, the work done in moving a test charge around any closed path in a
static field € is zero. This is because starting and terminating point is same for a closed
path. Hence upper and lower limit of integration becomes same hence the work done
becomes zero. Such an mtegral over a closed path is denoted as,

I_ Eodl = (D)
path

Key Point: The f. sign indicates inlegral over a closed path. Such a field having property

given by equation (1), associated with'it, is called conservative field or lamellar field. This

indicates that the work done in E and hence potential between two points is independent of the
path joining the two points.
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Potential Gradient

The potential decreases as distance of

point from the charge increases. This is
shown in the Fig. 4.28.

It is known that the line integral of E

between the two points gives a potential
difference between the two points. For an
elementary length AL we can write,

" VA'B = ﬁv=—-ﬁ'ﬂt

Hence an inverse relation namely the

change of potential AV, along the elementary
length AL must be related to E, as AL — 0.

The rate of change of potential with

respect to the distance is called the potential gradient.

av _
dL ~

. AV < :
;;:31’“ T i Potential gradient




/Ralation between E and V

Consider E due to a particular charge distribution in space. The electric field E and
potential V is changing from point to point in space. Consider a vector incremental length
AL making an angle 6 with respect to the
direction of E, as shown in the Fig. 4.29.

To find incremental potential we use,
AV=-E-AL .. Q)

Now AL = Al a, o (2)

where 3, = Unit vector in the \\:"//
resionerak | vﬁ




E-AL = (E; a,)(ALa,)

wagta =1
E+AL = E_ AL
AV = ~E; AL . (3)
where 1i; = Component of E in the direction of &, .
In other words, dot product can be expressed in terms of cos 0 as.
AV = —EAL cos 6 .. as E*AL=| E||AL| cos®©
& = ~Ecos0 = ()
To find AV at a point, take lim AL =0,
But im &Y = &V

amn AL = -a-l-: = Pﬂh‘.‘.’l'lhﬂl gradlﬂnt




e

av
dl.
At a point P where AL is considered, E has a fixed value while AL is also constant.

Hence potential gradient %{- can be maximum only when cos@=-1 i.e. 0=+180° This

indicates that AL must be in the direction opposite to E.

av
ar] <= )

max

= —F cos 0 e (6)

This equation shows that,

1. Maximum value of the polential gradient gives the magnitude of the clectric field
intensity E

2. The maximum value of rate of .change of potential with distance i.e. potential
gradient is possible only when the direction of increment in distance is opposite to the
direction of E.

Thus if a,, is the unit vector in the direction of increasing potential normal to the
equipotential surface then E can be expressed as,

dVv

E= - | @» . {8)

K mar




E - -

dv] _
acl. s

mak

- {8)

As E and potential gradient are in opposite direction, equation (8) has a negative sign.

The equation shows that the magnitude of E is given by maximum space rate of

change of V while the direction of E is normal to the equipotential surface in the direction
of decreasing potential.

The maximum value of rate of change of potential with distance (dV/dL) is called

gradient of V.

-

The mathematical operation on V by which —E is obtained is called gradient and

denoted as,
Gradientof V=grad V=V V
VV = grad V=-E¥/m
or ‘ E = -VV=-(grad V)

.. (10)
. (11)

The equation (11) gives the relationship between E and V. Now E is vector but V is

scalar, hence remember that grad V i.e. gradient of a scalar is a vector.
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The grad V in various co-ordinate systems arc,
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IfV=2xy+20z~

x?+y

ov

—VVz——-a—;a

2y{2x)+0-4[

V FindE,Dandp, at P (6, - 25, 3).

E}y?

(X2 +},z)z_




il

EatP

DatP

Py

w

il

|

8x | 8 o
—{[4xy+(xz +y1}z]a, +[2x1 e e +3;2}1 ]a, +20a,}

—-{[- 60+0.0268]a, +[72-0.0112]a, +20a,}
+ 5997323, — 7198883, ~203, V/m
Eat P x g

0.5313a, -0.6373 4, - 0177 a, nC/m?
VD

go E hence p}, =(V -« B,

o0E, ©JE, 3E,
TTT‘




i 8x _ 3_ _ 8y . 3
“9x 4x}'+(,¢2+},2):~.] ﬁ'y[ (x3+y=)1:| 32420
(< +y?P8-8x2(2+y?) || [ [0 +¥°F B)-8y2(x? +¥%)
= (2x) (2y)
A ~= -{0+ - o
(xz _l_},i)-'l (xz-l‘}!z)"
=-4 8 32 x* 8 N P2yl
4 {xl ""}"1]1 (x3+}.2}3 [};1 +y2}1 [Kl +},1}3

AtP, x=6‘,}?‘=—2‘5 andz:S‘
V-E

10.00895
p, at P

88.6193 pC/m*

10-4.4816%1073 +0.01527 - 4.4816%10™° +2.651 %107

€q [V + E)=8.854x10 "2 x10.00895
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Energy Density in the Electrostatic Fields

Consider an empty space where there is no clectric field al all. The charge Q, is
moved from infinity to a point in the space say P,. This requires no work as there is no E
present. Now the charge Qg is to be placed at point Py <in the space as shown in the
Fig. 4.30. But now there is an electric field due to Q; and Q, is required to be moved
against the ficld of Q,. Hence the work is required to’be done. Space

Now Potential == Work done per unit.charge [—g—r)

Work done = Potential V.x Charge Q

No

. Work done to position Q, at P, = V,, Q, yeork
where V,, = Potential at P, due to P

™




: Now let charge Q; is to be moved from infinity to P;. There are electric fields due to

Q, and Q,. Hence total work done is due to potential at P, due to charge at I3 and
potential at Py due to charge at P,.

~ Work done to position Q, at P; = V4, Q1 +V;5, Q4
Thus for charge Q,, to be placed at P,, we can write,
* Work done to position Q,, at P, = V. Q. +V,. . Q, + ..
Hence the total work done in positioning all the charges is,
Wp = Q V3 #Q3 V3, +Qa Vi +....

The total work done is nothing but the potential energy in the system of charges
hence denoted as We.

-

™
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If charges are placed in reverse order we can write,

W = Q3 V5,4+Q2 Vo3+Q; V5, +Q) Vi 2 +Q) Vi3 +Q V) o +....
In this expression Q,, is placed first, then Q,,_; ... then.Q,, Q3, Q, and finally Q,.

2Wg = Ql(vuaw,,aw,_,,+....+v1_“)
+ Qz (VI.‘I +V2..3 +Vz,4|-+“"+ Vlﬂ)
+ Q3(Va#Via+Va+iia Vo, )+

Each sum of the potentials is the total resultant potential due to all the charges except
for the charge at the point at which potential is obtained.

VLI -I-VL3 +VL4 g PP, vL“ = VI
This is potential at P, where Q, is placed due to all other charges Q,, Qa....Q,,.
Siﬂljlﬂ.rl}'p Vl'l +V2'3, +'V1'4 + ...+ Vz,n = V-z and so on.

-




ZWE - Ql Vl +Q1 VI +Q3 Vﬁ“l‘....

WE:'%“%Qme }l

This is the potential energy stored in the system of n point charges.

For line charge p, We = -?:I pydLV ]
For surface charge pg, Wy = % I psdSV ]
For volume charge p,,, Wi = -% j p,dvV ]
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Energy Stored Interms of D and E

Consider the volume charge distribution having uniform charge density p, C/ m?.

1
viol

According to Maxwecll's first equation,

pe = VoD Wy = 5 [ (V-VD-D-V)dv
vyl
wli

% [ (VD) Vav
vol

For any vector A and scalar V there is vector identity,
VsVA = A*VV+V(VsA)
\"J

(V*A)V = V.VA-A-VV

™




1 —_
= 5 L D-D-V)dv
— 1 —
Wg = -2- J (V+VD)dv -5 | DYV av
vol vol

According to divergence theorem, volume integral can be converted to closed surface
integral if closed surface totally surrounds the volume,

%j (V-VD)dv = ;j; (VD)-dS
vol

1 = = 1 =
We = §§ (VD)+dS—5 Ln-vv dv




™

We know that Vn:-:_- and Dec -12* for point charge, Vu:...l.i_, ﬁm-lr for dipoles and so
r r r

on. So VD is proportional to at lcast 1/r’ while dS varies as r?. Hence tolal integral
varies as 1/r. As surface becomes very large, r 5= and 1/r — 0. Hence closed surface
integral is zero in the equation (16).

Wl. = —% Iﬁ'?v dv
vol
E=-VV
1 —_ =
Wy = = D+«(-E) dv
vol
Wy = o [ DE dv ]
vol




Now I_J':Eﬂ.

=1l

cjaBEe)
vol

In a differential form,

dW; = 5 D+E dv

dW, _ 1 —
I == = 3 D-EJ/m?

This is called energy density in the electric ficld
integrated over the volume, we get total energy present.

d W,

vl

having units J/m?>. If this is
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Maxwell’s Second Equation

It is secen that, the work done in moving a test charge around any closed path in a
static field E is zero. This is because starting and terminating point is same for a closed
path. Hence upper and lower limit of integration becomes same hence the work done
becomes 2ero. Such an integral over a closed path is denoted as,

§E-il 0
Clused
path

Stoke’s Theorem:

The line integral of F around a closed path L is equal to the integral of curl of F over
the open surface S enclosed by the<«closed path L.
Mathematically it is expressed as,

}F I(VXF)-dS




IfV=x-y+xy+zV, find E at (1, 2, 4) and the electrostatic energy
stored in a cube of side 2 m centered at the origin.

Vex-y+xy+z

_[ov. L av_ av.
-VV= *"[*5-;-3: +-§3, +Eﬂz]

aVv oV aVv
M 1+y,w--l+x, -3-2—"1

E

|

= =[(1+y)a,+ (x-1)a, +a,]
At (1, 2, 4), E = a, —a, Vim

Now Wg

H.I—l "-'ﬂ

j €0l E]?dv, dv = dx dy dz
vol




™
|E}? = {l+y)2+(x-1)2+12=1+2y+y2+x2—2x+1+1

=x2+y2—2x+2y+3 E = -[(1+}T)i-x+(x'lliy+it]

Wg = Ez‘i I(x2+y2—2x+2y+3)dxdydz
vol

The cube is centered at origin hence all the variables x, y and z vary from -1 to + 1.

W = 52'“1 j' i i (x* +y3=2x+2y+ 3) dx dy dz

za=] yr=] x=-1

1 1 3 2 1
= EZD I I [—%—-l-:mr;j,r2 -—g;—+2xy+3:c] dy dz
2=l y=-1 x=-1

1 1
= _32 I I [~§-+2}r2+4y+6] dy dz
Z==1 y=~] /




= 0.12985 n]




/Hﬂmt is the potential at the center of a square with a side n=2m while

charges 2pC, —4pC, 6y C and 2 C are located at its four corners ?

The potential at a point due to a point charge 2uC 2 m -4 uC
is given by, Qq
__Q
= Tme R where

2m
R = Distance between charge and the point

Qa

NEy Rl 2uC

aa Vrl = Potential of P due to Qﬁ =4

where R, =1(AP) =2




I

_ Qg _ _ 2uC 2m -4 uC
- 41:5“ RI Rz = | (BP} - \’i [ #1
Q
4!:5,:R3 R:; = | (CP) = JZ m
Qp

4
Y. Vom =g R [Qa +Qn +Qc Qo]

1
4x 8.854% 10~ 2 x 2

[2=4+6+2]x107°

= 38.131 kV
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) — -6y ). 6)_ -
Given a field E = [—I-i—]nx+(}]ny+5 a, Vim,

Find the potential difference V 4 given A(-7,2,1) and B(4,1,2).

]
]
Dl
e
f
|
(¥
x>
4
» |
[a Y
g
+
o
o I
N
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To obtain the integral as it does not depend on the path from B (4, 1, 2) to A(~-7,2,1)

we can divide the path as,
Pathl, B4, 1,2)t0(-7,1,2) - onlyxvaries, y=1,2z=2
Path2, (-7,1.2) to (-7,2,2) > only y varies, x=~7,z=2
Path3, (-7,2,2) to A(~7,2,1) > only z varies, x=~7,y= 2.

-{TT‘:V dx + j ..dy+ j Sdz}

x4 y= z2=1

Vhﬂ

y=1 X=—7

= !6] ;--dx-§[ ay+5 | dz}

x=4 % y=1 A=mZ
F

17177 6 2 1
-—-6 L ___F ) _— .
k ]4 7 IY]I + 5 [zlz}

X

e




- {— 6 [+.} +%]-§-[2-1]+ 5[1-2]}

= —{-2.3571-0.85714 -5}
= +82142V
Alternatively find the equations for straight line path from B to A by using,

_ — Ya=Ys _ . =zj\"'zﬂ _
Y=Ys XA —Xg (x=xp)sand z-zy YA ~-Yn (y-ys)
and using the relations between'k, y and z solve the integrals. From the above
equations we get, x = - 11y + 15and z = — y + 3 s0 use y interms of x for first integral
and x interms of y for the second integral and integrate.




/F'
i) A charge Q at each corner of an eguilateral triangle of sides d.
1i) A charge Q at each corner of a square of side 'd’.

i) A charge Q at each corner of an equilateral triangle of sides d.

When Q, is positioned, no other charge is present.
work done W, =0 J.
When Q, is placed, Q, is present jpgpnce work done is,

W, = Q, ¥y,

_ QzQ1 =Q|Q2
~ dneg Ry 4megd

ind the potential energy stored in the following free space charge configurations,

Q
l‘l
F .
F i L
F %
d, vd
¥ LY
- ’ .
¥ 1
F *
i---a-—u-h
Q, Q,




When Q; is placed, Q, and Q, are present hence work done is,
Q. Q :|

Now Ry = Riyg=d

W, = d [Q +Q;]

41:5

WE = WI +W1+W3

p [Ql Q. +Q, Q1+Q, Qa]

41:2

but Q = Q=Q:=Q

3Q°

WE = 4“Eﬂ-_d I




e

1i) A charge Q at each corner of a square of side 'd’.

I{I:'-"d Rza'—"d R-}l=d R_“=d;
R, = 2x -‘f—ﬂ V2 d = R,,
For Q, which is placed first, W, =0.

Fnl.' Q:; W: = Q"ﬁ "f-.- 1

d
Q*l *\_ __________ ':#' Qz
: \\‘ \I.ﬁd r" |
: ‘\i .-rf :

i 'h‘ ;.F [ ]
R N R
1 s b N '

' s o d N2 )
:‘:’ i? ‘\.‘:l
Q¥ g g b

2 2
L. — 4
d

_ QQ _QQy
4EEHR 21 TAn d
For Q;; wa = QJ vll +Q3 vlz =Q3 [4HEQUIR31

_ Q; Q, Q1Q1
4];50.\/_(_! 4I[Eﬂd

Q,
*Ire, Rey




Q, Qs

+ +

41[80131 41:30 dJ_ 41!8{.(1

Q=Q3=Q,=0Q

" 9
W, + 2+w3+w"-4nend 1
.5.414(21 ]

4ne, d

dreya Ry 4meg Ry, 4EEDRE]
= Q: Qq Q2Q4 QSQ-I.

1

+—+1+1+—+1

N

1
J2

|




ELECTROMAGNETIC FIELDS
(19BT30202)

Electric Dipole & Dipcie Moment

;s

(ELECTRo§fATIcs - II)
9

@”@

Mr. T. Kosaleswara Reddy

Assistant Professor, Department of EEE

SREE RAMA ENGINEERING COLLEGE




/An Electric Dipole

The two point charges of
cqual magnitude but opposite
sign, seperated by a very small
distance give rise to an electric
dipole. The field produced by
such a dipole plays an important
rolc in the engineering
clectromagnetics.

Consider an electric dipole as
shown in the Fig. 432. The two
point charges + Q and - Q are

scparated by a very small
distance d.




Consider a point P (r,0,¢) in
spherical co-ordinate system. It is
required to find E due to an
clectric dipole at point P. Let O
be the midpoint of AB. The distance of point P from A is r; while the distance of point P
from B is r,. The distance of point P from point O is r. The distance of scparation of
charges i.e. d is very small compared to the distances r, r; and r. The co-ordinates of A

are[o,o,+ﬂ]and that of B are[ﬁ, 0,-‘5‘}

2

To find E, we will find out.the potential V at point P, due to an electric dipole. Then
using E=-VV, we can find E due to an electric dipole.




Expression of E due to an Electric Dipole
In spherical co-ordinates, the potential at point P duc to the charge + Q is given by,

- _*Q
Vi s 4nE, 1

The potential at P due to the charge - Q is given by,
-Q

2 " 4mgyr,

The total potential at point P is the algebraic sum of V; and V,.

an V = Vl +V2

+Q Q

dne,, dmgym,




Vo= QL l__l_] . Q [fz ""1]

daeg|ly, ]  drg, {n 1,

If now point P is located in
z=0 plane as shown in the
Fig. 4.33, then r, =r;. Hence we get
V = (. Thus the entire z = 0 plane
ie. xy plane is a zero potential
surface.

All points in 2z = ( plane behave |
similar to the points at infinity as all
are at zero potential.




/
Now consider that P is located

far away from the electric dipole.
Thus ry.r, and r can be assumed to
be parallel to ecach other as shown
in the Fig. 4.34.

AM is drawn perpendicular
from A on r;. The angle made by
r, .- and r with z axis is 8 as all-are
parallel.




BM = ABcos ¢
=d cos 0

Now PB = PM + BM
and PA = PM as AM is perpendicular.
and

PB = 1r,, PA =
BM = PB-PM =1, - PM
While PM = PA=1
BM = r, -1
rz-r} - dcme
As d is very small, r; =r; =r hence r; r, =r* AT Q1 1] _ . Q [rp=1
"~ 4ng, | 2

- /




Now

oV_ 1aV_ 1 9V,
Vs "['E?“f tI U620 Y Tene 900

oV QdcosO 0 (1| Qdcosb| a3,
or dre, Br[ T Br(r )

QdcosO [_ r_3] _~2Qdmsﬁ

enl
]

dNEy ane, £
oV Qd RY
_ﬁ = 4]!80 1-1 [-Silﬂe] and -3'—— 0
4negr " 4neyr? °

Qd 2 cos 07, +sin 07, ] (Spherical system)

dnegy r

This is electric field E at point P due to an electric dipole.




o Dipole I!lumant
Let the vector length directed from - Q to + Qie. fromBto Ais d.
d = da,
Its component along 3, direction can be obtained as,
d, = d+a3, =da, +*3, =dcos®
d = dcos 03,
Then the product Q d is called dipole moment and denoted as P.

7= 7]
The dipole moment is measured in ' Cm (coulomb-metre).
Now pea, = Qd-az=Qdcos®

Hence the expression of potential V can be expressed as,

V = Qdms(}: pPea, v_l

dneyr?  4mgyr?
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CONDUCTORS AND
DIELECTRICS
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MAGNETO STATICS
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7.13 Magnetic Scalar and Vector Potentials
In electrostatics, it is seen that there exists a sealar electric potential V which is related
to the electric field intensity E as E= -VV.
Is there any scalar potential in magnetostatics related to magnetic field intensity H ?
In case of magnetic fields there are two types of potentials which can be defined :
1. The scalar magnetic notential denoted as V.
2. The vector magnetic potential denoted a5 A.
To define scalar and vector magnetic potentials, let us use two Vector identities which
are listed as the properties of curl, earlier.
VW ed  VeSalr (1)
Ve(VxA) = 0, A= Vector w ()

Every Scalar V and Vector A must satisfy these identites.

7131 Scalar Magnetic Potential
If V., is the scalar magrietic potential then it must satisfy the equation (1),

VWV = 0 o (3)
But the scalar magnetic potential 1s related to the magnetic field intensity H as,
H = -W, w (8)
Using in equation (3),
Ux(-H) = 0 ie. VxHs0 v (8)

But VxH = ] ie J=0 w {6)



Thus scalar magnetic potential V,_, can be defined for source free region where J Le.
current density is zerc.

H=-vV only for j=0 - (7)

Similar to the relation between E and electric scalar potential, magnetic scalar potential
can be expressed interms of H as,

a
Vorp = —f Hedl ... specified path
b

7.13.2 Laplace’s Equation for Scalar Magnetic Potential
it is known that as monopcle of magnetic field is non existing,

§B+dS = 0 - (8)

Using Divergence theorem,
§B-dS = [ (@ Bdv =0 - {9

vol
VeE = 0 - (10)
Ve, ) = 0 but %0 - {11)
VeH =0 _ - (12)

Ve(-PV,) = 0 wwusing H=-VV,

ViV, =0 for J=0 - (13)

This is Laplace’s equation for scalar magnetic potential. This is similar to the Laplace's
equation for scalar electric potential ¥V =0.

7.13.3 Vector Magnetic Potential

The vector magnetic potential is denoted as A and mcasured in Wh/m. It has lo
satisfy equation (2) that divergence of a curl of a vector is always zero.

V*(VxA) = 0 — A = Vector magnetic polential
But V'E=0 w From equation (10)
B = VxA - (14)
Thus curd of vector magnetic potential is the flux density.
Now VxH =]
?xi =) w B = H

Ho



]|
]
=}
x
|

VxB = pgj
VxVxA = ) ~ {15)
Using vector identity lo express left hand side we can wrile,
V(V-A)-V?A = ]
. 1 - 1 _— n—
e VXV X A =—{V(V=A)-V=A - {16
) = I-lul' l Hu[ v ‘I 1)

Thus if vector magnotic potential is known then current density J can be obtained. For
defining A the current density need not be zero.

7.13.4 Poisson's Equation for Magnetic Field
In a vector algebra, a vector can be fully defined if its curl and divergence are defined.
For a vector magnetic potential A, its curl is defined as ¥ x A = B which is known,

But to completely define A its divergence must be known. Agsume that V+A, the
divergence of A is rero. This is consistent with some othet conditions to be studied later in
time varying magnetic fields. Using in equation (16),

S I
,Nulﬁm

?‘E = "-l[li - l:l?}
This is the Poisson's equation for magnetostatic ficlds.

7.13.5 A due to Differential Current Element

Consider the differential element ‘L carrying current L Then according to Biot-Savart
law the vector magnetic potential A ‘at a distance R from the differential current element is
given by,

- dL
A= § "HT':LI::'R* Wh/m w (18)

For the distributed current sources, IdL can be replaced by K dS where K is surface
current densily.

_— Hg Kd5 -
A= g - Wb/m “'Jlg}

5

The ling integral becomes a surface integral. If the volume current density | is given in
A/m? then ] dL can be replaced by J dv where dv is differential volume clement,

- Mo)dv
A=y~ Wo/im - (20)
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